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Abstract
We show that, up to biholomorphism, that there is at most one complete Tn-invariant shrinking
gradient Ka¨hler-Ricci soliton on a non-compact toric manifold M . We also establish uniqueness
without assuming Tn-invariance if the Ricci curvature is bounded and if the soliton vector field lies
in the Lie algebra t of Tn. As an application, we show that, up to isometry, the unique complete
shrinking gradient Ka¨hler-Ricci soliton with bounded scalar curvature on CP1 × C is the standard
product metric associated to the Fubini-Study metric on CP1 and the Euclidean metric on C.
1 Introduction
A Ricci soliton (M, g,X) is a Riemannian manifold (M, g) together with a vector field X satisfying
Ricg +
1
2
LXg =
λ
2
g (1.1)
for λ ∈ R. By a simultaneous rescaling of X and g, we can always assume that a Ricci soliton is
normalized so that λ ∈ {−1, 0,+1}. We will always assume that the metric g is complete, which in turn
forces the vector field X to be complete [44]. A Ricci soliton is said to be gradient if the vector field
X is the gradient of a smooth function f , usually called the soliton potential. In this case the equation
becomes
Ricg +∇
2
gf =
λ
2
g. (1.2)
If g is a Ka¨hler metric on M with Ka¨hler form ω, we say that (M,ω,X) is a Ka¨hler-Ricci soliton if
ω satisfies the equation
Ricω + LXω = λω, (1.3)
where Ricω is the Ricci form and λ ∈ {−1, 0,+1}. The coefficients appearing in (1.3) are chosen to be
different from those in (1.1); this choice being more natural from the perspective of the Ka¨hler-Ricci flow.
Ricci solitons and Ka¨hler-Ricci solitons are called expanding, steady, and shrinking, respectively when
λ ∈ {−1, 0,+1}. In this paper we will only consider shrinking solitons and so we will always assume
that λ = 1. As for Ricci solitons, we say that a shrinking Ka¨hler-Ricci soliton is gradient if X = ∇gf ,
in which case (1.3) takes the form
Ricω + i∂∂¯f = ω. (1.4)
Ricci solitons are interesting both from the perspective of canonical metrics and of Ricci flow. On
the one hand, they represent one direction in which one can generalize the concept of an Einstein
manifold. On compact manifolds, shrinking solitons are known to exist in several situations where there
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are obstructions to the existence of Einstein metrics; see for example [42]. By the maximum principle,
there are no nontrivial expanding or steady solitons on compact manifolds. There are many examples
on noncompact manifolds, however; see for example [11, 12, 24] and the references therein. On the
other hand, one can associate to a Ricci soliton a self-similar solution of the Ricci flow, and gradient
shrinking Ricci solitons in particular provide models for finite-time Type I singularities along the flow
[22, 34]. Even in complex dimension two, however, it is not known which shrinking Ricci solitons arise in
this way. From this perspective, it is an important problem to classify shrinking gradient Ka¨hler-Ricci
solitons in order to better understand the singularity development along the Ka¨hler-Ricci flow.
In this paper we study Ka¨hler-Ricci solitons on non-compact complex manifolds M under the addi-
tional assumption that M is toric. For the purposes of this paper, a complex toric manifold is a smooth
n-dimensional complex manifold (M,J) together with an effective holomorphic action of the complex
torus (C∗)n. In such a setting there always exists an orbit U ⊂M of the (C∗)n-action which is open and
dense in M . Moreover, we always assume that there are only finitely many points which are fixed by
the (C∗)n-action. The (C∗)n-action of course determines the action of the real torus T n ⊂ (C∗)n, and
our main theorem is a uniqueness result for complete shrinking gradient Ka¨hler-Ricci solitons which are
invariant under this action.
Theorem A. Suppose that (M,J) is a non-compact complex toric manifold and that the fixed point set
of the (C∗)n-action is finite. Then, up to biholomorphism, there is at most one complete T n-invariant
shrinking gradient Ka¨hler-Ricci soliton (g,X) on (M,J).
As we shall see, T n-invariance implies that the holomorphic vector field JX associated to the soliton
vector field X lies in the Lie algebra t of the real torus T n. There is also a notion of a toric manifold
coming purely from symplectic geometry. To distinguish this from the definition above, we say that
a symplectic toric manifold is an n-dimensional symplectic manifold (M,ω) together with an effective
Hamiltonian action of the real torus T n. As before, we will always assume in this paper that the fixed
point set of the T n-action is finite. We remark here that this assumption is non-trivial; see for example
[29, Example 6.9].
Of course, the intersection of these ideas naturally lies in the realm of Ka¨hler geometry. In particular,
if (M,J) is a complex toric manifold as above and ω is the Ka¨hler form of a compatible Ka¨hler metric
g on M with respect to which the real T n-action is Hamiltonian, then the symplectic manifold (M,ω)
is naturally a symplectic toric manifold. When (M,J, ω) is a compact Ka¨hler manifold, then the two
definitions are equivalent in the following sense. Suppose that (M,J, ω) admits an effective Hamiltonian
and holomorphic action of the real n-dimensional torus T n, so that (M,ω) in particular carries the
structure of a symplectic toric manifold. Then this action can always be complexified to an action of
the full complex torus (C∗)n, giving (M,J) the structure of a complex toric manifold. This can be done
essentially because any vector field on M is complete. Of course in the non-compact setting this is no
longer the case, and so it makes sense to ask if Theorem A can be extended to the more general setting
of symplectic toric manifolds. We prove this under the additional assumption that the Ricci curvature
of g is bounded, i.e. supx∈M |Ricg|g(x) <∞.
Theorem B. Suppose that (M,J) is a non-compact complex manifold with dimCM = n, together with
an effective holomorphic action of a real torus T n with Lie algebra t and finite fixed point set. Then,
up to biholomorphism, there is at most one complete shrinking gradient Ka¨hler-Ricci soliton (g,X) on
(M,J) with JX ∈ t and with bounded Ricci curvature.
Notice that in this case we do not need to assume that g is T n-invariant, only that the Ricci curvature
is bounded and JX ∈ t. In fact, we will see in Section 4 that any Ka¨hler-Ricci soliton satifsying these
hypotheses is isometric to a T n-invariant one. When M is compact, these results are special cases of the
general uniqueness theorem of Tian-Zhu [39, 40]. The non-compact case is generally much more delicate.
Typically, one needs to prescribe the asymptotics of the metric, for example by imposing a fixed model
metric at infinity, in order to work in well-behaved function spaces. An important feature of this work
is that we do not impose any assumptions on the specific behavior of the metric at infinity. Instead,
a generalization of the setup of Berman-Berndtsson [7] allows us to work with the Ding functional on
broadly defined L1-type spaces; see Section 3 for details.
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As an application of Theorem B, we prove a stronger uniqueness result for the special case of M =
CP
1 × C.
Corollary C. Up to isometry, the standard product of the Fubini-Study and Euclidean metrics is the
unique complete shrinking gradient Ka¨hler-Ricci soliton with bounded scalar curvature on CP1 × C.
The point is that, if one has a complete shrinking gradient Ka¨hler-Ricci soliton with bounded scalar
curvature on M , then it suffices to assume that JX lies in the Lie algebra of the standard torus acting
on CP1×C, in which case Theorem B applies directly. This is achieved in Section 4 by a Morse theoretic
argument similar to the one implemented in [12, Proposition 2.27]. There are also recent examples
of Futaki [24] of complete shrinking gradient Ka¨hler-Ricci solitons on the total space of any root of
the canonical bundle of a compact toric Fano manifold. These examples are toric in the sense that
underlying manifold is always a complex toric manifold and the metric is invariant under the action
of the corresponding real torus T n. As before, we denote the Lie algebra of this fixed real torus by t.
As a direct consequence of Theorem B, we have that these are the only examples of shrinking gradient
Ka¨hler-Ricci solitons on these manifolds with bounded Ricci curvature and with JX ∈ t.
Corollary D. Let N be an (n − 1)-dimensional toric Fano manifold, L → N be a holomorphic line
bundle such that Lp = KN with p < n, and let M denote the total space of L. There is a natural action
of the real torus T n on M , and we denote the Lie algebra by t. Then, up to biholomorphism, there is
a unique complete shrinking gradient Ka¨hler-Ricci soliton with bounded Ricci curvature and JX ∈ t on
M , namely the one constructed by Futaki in [24].
We also study the weighted volume functional F on a complex toric manifold. This was introduced
by Tian-Zhu [40] for compact manifolds, and is by definition a convex function on the space h of all real
holomorphic vector fields on (M,J). As in [40], the derivative of F at a given holomorphic vector field
can be viewed as a generalization of the Futaki invariant. The upshot is that if (g,X) is a complete
shrinking gradient Ka¨hler-Ricci soliton on M , then JX is necessarily the unique critical point of F . As
a result, the vector field X associated to a complete shrinking gradient Ka¨hler-Ricci soliton on (M,J)
is unique. It was shown in [12] using the Duistermaat-Heckman theorem [20, 21, 36] that F can be
defined in the non-compact setting in the presence of a holomorphic T k-action when the metric g has
bounded Ricci curvature. More precisely, there is an open cone Λ ⊂ t, comprising those holomorphic
vector fields which admit Hamiltonian potentials which are proper and bounded from below, on which
F is well-defined. Just as in [36], we shall see in Section 3 that, in the toric setting, there is a natural
identification of Λ with a certain open convex cone C∗ ⊂ t determined by the (C∗)n-action on (M,J).
Furthermore, any soliton vector field X with JX ∈ t necessarily has the property that JX ∈ Λ and is
the unique critical point of F , which in turn gives uniqueness among all holomorphic vector fields Y with
JY ∈ t [12, Theorem D].
We show that on a complex toric manifold, the weighted volume functional F is proper on Λ, and
therefore that there exists a unique candidate holomorphic vector field X with JX ∈ t that could be
associated to a complete shrinking gradient Ka¨hler-Ricci soliton. Here we make no assumptions on the
curvature. Thus, we recover an analog of [12, Theorem D] when the torus is full-dimensional, without
having to assume a Ricci curvature bound; see Theorem 4.7 below for the precise statement.
The main theorems here also give partial answers to some open questions raised in [12, Section 7.2].
Namely, we obtain a positive answer to question 7 assuming that the torus is the real torus underlying an
effective holomorphic and full-dimensional (C∗)n-action with finite fixed point set, and a positive answer
to question 2 with the same assumption on the torus as well as the assumption that either g is invariant
or that g has a Ricci curvature bound. We also show that any symplectic toric manifold with finite fixed
point set admitting a compatible complete shrinking gradient Ka¨hler-Ricci soliton is quasiprojective,
which gives a positive answer to question 1 in the toric setting. Finally, we show that the weighted
volume functional F is proper on a complex toric manifold with finite fixed point set, which gives a
positive answer to question 9 when the real torus is full-dimensional and admits a complexification. As
we shall see, this is always the case in the presence of an invariant solution to (1.4).
Since the foundational work of Delzant [15] and Guillemin [25] (which themselves relied on the earlier
foundational work of Atiyah [5] and Guillemin-Sternberg [26]), toric manifolds have played a key role
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in the study of special Ka¨hler metrics on compact Ka¨hler manifolds; see [1, 17, 42] and many others.
As a consequence of this setup, many aspects of the Ka¨hler geometry of T n-invariant metrics on M
reduce to questions about convex functions on a given polytope P in Rn. We show that under certain
mild hypotheses, much of the structure from the compact setting carries over, replacing the bounded
polytopes with potentially unbounded polyhedra. In the purely symplectic setting, there has been much
work done in this direction, spanning many years; see [6, 27, 29, 30, 36]. There has been somewhat
less attention focused on the Ka¨hler case, and our work draws significantly on the notable exceptions of
[3, 9, 31, 41]. There has also been recent progress in the Ka¨hler setting on singular toric varieties; see
[9] and of particular relevance to this paper [7].
The paper is organized as follows. In Section 2 we recall some of the basics of toric geometry from both
the algebraic and symplectic perspectives. We show that the Abreu-Guillemin setup can be extended
with the appropriate assumptions to non-compact manifolds. Much of this material seems to be fairly
well-known in the symplectic setting, and we simply provide a rephrasing particularly suited for Ka¨hler
geometry. In particular, we give conditions under which the familiar Delzant classification holds in
the non-compact setting. In Section 3 we study properties of some real Monge-Ampe`re equations on
unbounded convex domains in Rn, and explain how these relate to the Ka¨hler-Ricci soliton equation
on toric manifolds. We introduce a Ding-type functional D on the appropriate space of symplectic
potentials and use its convexity to determine uniqueness. Much of what appears here is drawn from [7]
and [18]. A result of Wylie [43] implies that any complete shrinking gradient Ka¨hler-Ricci soliton admits
a moment map. In Section 4, we use this to apply the results of the previous sections to complete the
proofs of Theorem A and Theorem B. We conclude with an application of our work to the special case
of M = CP1 × C, and show that a complete shrinking gradient Ka¨hler-Ricci soliton on M is isometric
to the standard product metric. This is the content of Corollary C.
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2 Ka¨hler geometry on non-compact toric manifolds
2.1 Algebraic preliminaries
We begin by recalling some basics from algebraic toric geometry that we will use later on. The main
reference here is [14]. Fix an algebraic torus (C∗)n and let t be the Lie algebra of the real torus
T n ⊂ (C∗)n. Fix an integer lattice Γ ⊂ t so that (C∗)n ∼= t⊕ it/Γ acting only in the second factor. Let
Γ∗ denote the corresponding dual lattice in t∗.
Definition 2.1. A toric variety M is an algebraic variety together with the effective algebraic action of
the complex torus (C∗)n with a dense orbit. More precisely, this means that the action (C∗)n×M →M
is a morphism of algebraic varieties, and there exists a point p ∈M such that the orbit (C∗)n · p ⊂M is
Zariski open and dense in M .
We emphasize that, contrary to the definitions presented in the introduction, a toric variety M is
always assumed to be algebraic. As we shall see, the fixed point set of the (C∗)n-action associated to
a toric variety is necessarily finite. In particular, the underlying complex manifold of a smooth toric
variety is always a complex toric manifold as defined in the introduction.
The algebraic geometry of toric varieties has a rich interplay with combinatorics, which is integral to
many of the constructions that follow. We begin by introducing the relevant combinatorial objects.
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Definition 2.2. A polyhedron is any finite intersection of affine half spaces Hν,a = {x ∈ t∗ | 〈ν, x〉 ≥ a}
with ν ∈ t, a ∈ R. A polytope is a bounded polyhedron.
We will often not distinguish between a polyhedron P and its interior, but where confusion may arise
we will denote by P the closed object and P the interior. The intersection of P with the plane 〈ν, x〉 = a
is a polyhedron Fν of one less dimension and is called a facet of P . The intersections of any number of
the Fν ’s form the collection of faces of P .
Definition 2.3. Let P be a polyhedron given by the intersection of the half spaces Hνi,ai . We define
the recession cone (or asymptotic cone) C of P by
C = {x ∈ t∗ | 〈νi, x〉 ≥ 0} .
Given any convex cone C ⊂ t, the dual cone C∗ ⊂ t is defined by
C∗ = {ξ ∈ t | 〈ξ, x〉 > 0 for all x ∈ C}. (2.1)
Note that C∗ is necessarily an open cone in t, even when C is not full-dimensional.
Definition 2.4. Let P be a polyhedron. If the vertices of P lie in the dual lattice Γ∗ ⊂ t∗, then we say
that P is rational.
Rational polyhedra play an important role in the algebraic geometry of toric varieties, in that each
such P determines a unique quasiprojective toric varietyMP . This procedure is constructive and can be
understood via the introduction of a fan. A rational polyhedral cone σ is by definition a convex subset
of t of the form
σ =
{∑
λiνi | λi ∈ R+
}
,
where ν1, . . . , νk ∈ Γ is a fixed finite collection of lattice points. The recession cone C of a rational
polyhedron P is always a rational polyhedral cone [14, Chapter 7].
Definition 2.5. A fan Σ in t is a finite set consisting of rational polyhedral cones σ satisfying
1. For every σ ∈ Σ, each face of σ also lies in Σ.
2. For every pair σ1, σ2 ∈ Σ, σ1 ∩ σ2 is a face of each.
We will also assume that the support of Σ is full-dimensional, that is to say, there exists at least one
n-dimensional cone σ ∈ Σ. To every fan Σ there is an associated toric variety MΣ. We will give a very
brief summary of this construction below; for more details see [14, Chapter 3]. For us the main point is
the following corollary of a result of Sumihiro [38]:
Proposition 2.6 ([14, Corollary 3.1.8]). Let M be a toric variety. Then there exists a fan Σ such that
M ∼=MΣ.
To construct MΣ from Σ, one begins by taking each n-dimensional cone σ ∈ Σ and constructing an
affine toric variety Uσ. We define the dual cone σ
∗ of σ by (2.1):
σ∗ = {x ∈ t∗ | 〈x, ξ〉 ≥ 0 for all ξ ∈ σ} .
Let Sσ be the semigroup of those lattice points which lie in σ
∗ under addition. Then one defines the
semigroup ring, as a set, as all finite sums of the form
C[Sσ] =
{∑
λss | s ∈ Sσ
}
.
The ring structure is then defined on monomials by λs1s1 ·λs2s2 = (λs1λs2)(s1+ s2) and extended in the
natural way. The basic example is σ = Rn+, where C[Sσ] is naturally isomorphic to C[z1, . . . , zn]. Then
the affine variety Uσ is defined to be Spec(C[Sσ]). This is automatically endowed with a (C
∗)n-action
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with an open dense orbit. This construction of course can be implemented on the lower-dimensional
cones τ ∈ Σ. If σ1 ∩ σ2 = τ , then there is a natural way to map Uτ into Uσ1 and Uσ2 isomorphically.
Thus one constructs MΣ by declaring the collection of all Uσ to be an open affine cover with transition
data determined by Uτ . An important property of this construction is the Orbit-Cone correspondence.
Proposition 2.7 (Orbit-Cone correspondence, [14, Theorem 3.2.6]). Let Σ be a fan and MΣ be the
associated toric variety. The k-dimensional cones σ ∈ Σ are in natural one-to-one correspondence with
the (n − k)-dimensional orbits Oσ of the (C∗)n-action on MΣ. Moreover, given a k-dimensional cone
σ ∈ Σ and a corresponding orbit Oσ ⊂ MΣ, we have that σ lies as an open subset of the Lie algebra tσ
of the k-dimensional real subtorus Tσ ⊂ T
n that stabilizes the points on Oσ.
In particular, the fixed point set of the (C∗)n-action is in natural bijection with the full-dimensional
cones in Σ, and is therefore always finite. At the other extreme, each ray σ ∈ Σ determines a unique torus-
invariant divisor Dσ. As a consequence, a torus-invariant Weil divisor D on MΣ naturally determines
a polyhedron PD ⊂ t∗ as follows. We can decompose D uniquely as D =
∑N
i=1 aiDσi , where σi ∈ Σ,
i = 1, . . . , N is the collection of rays. By assumption, there exists a unique minimal νi ∈ σi ∩ Γ. Then
set
PD = {x ∈ t
∗ | 〈νi, x〉 ≥ −ai for all i = 1, . . . , N} . (2.2)
The importance of polyhedra for our purposes lies in the fact that this procedure is partially reversible.
That is, given a suitable polyhedron P , one can determine a unique toric varietyMP through its normal
fan ΣP . To form ΣP , one starts with a vertex v ∈ P and considers those facets F containing v. This
determines a cone σv spanned by the inner normals νF corresponding to each such F . Then there is a
unique fan ΣP which consists of the collection of σv along with all of each of their faces. Finally, MP
is defined to be the toric variety associated to ΣP . As we shall see, the variety MP comes naturally
equipped with a divisor D whose corresponding polyhedron is precisely P . Moreover,
Proposition 2.8 ([14, Theorem 7.1.10]). Let P be a full-dimensional rational polyhedron in t∗. Then
the variety MP constructed above is quasiprojective.
2.2 Complex coordinates
Let M be a complex manifold together with an effective holomorphic (C∗)n-action. Such an action
always has an open and dense orbit. Indeed, let T n ⊂ (C∗)n be the real torus with Lie algebra t.
Choose a basis (X1, . . . , Xn) for t. Then each Xi is a holomorphic vector field on M , and thus vanishes
along an analytic subvariety. In particular, there is a fixed analytic subvariety V ⊂ M such that on
U = M − V , none of the vector fields Xi vanish. Clearly Xi and JXi are complete and commute, and
so the vector fields (X1, JX1, . . . , Xn, JXn) can be integrated to determine an isomorphism U ∼= (C∗)n.
Throughout the remainder of the paper we will make heavy use of this natural coordinate system, which
we usually just denote by (C∗)n ⊂ M . In particular, we fix once and for all such a basis (X1, . . . , Xn)
for t. This induces a background coordinate system (ξ1, . . . , ξn) on t. We use the natural inner product
on t to identify t ∼= t∗ and thus can also identify t∗ ∼= Rn. For clarity, we will denote the induced
coordinates on t∗ by (x1, . . . , xn). Let (z1, . . . , zn) be the natural coordinates on (C
∗)n as an open
subset of Cn. There is a natural diffeomorphism Log : (C∗)n → t × T n, which provides a one-to-one
correspondence between T n-invariant smooth functions on (C∗)n and smooth functions on t. Explicitly,
Log(z1, . . . , zn) = (log(r1), . . . , log(rn), θ1, . . . , θn), where zj = rje
iθj . Given a function H(ξ) on t, we can
extend H trivially to t× T n and pull back by Log to obtain a T n-invariant function on (C∗)n. Clearly,
any T n-invariant function on (C∗)n can be written in this form.
Definition 2.9. Let ω be a T n-invariant Ka¨hler metric onM . We say that the T n-action is Hamiltonian
with respect to the ω if there exists a moment map µ. This by definition is a smooth function µ :M → t∗
satisfying
d〈µ, v〉 = −ivω,
for each v ∈ t where iv denotes the interior product and 〈·, ·〉 is the dual pairing.
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The Ka¨hler metrics on the complex torus (C∗)n itself with respect to which the standard T n-action
is Hamiltonian have a natural characterization due to Guillemin.
Proposition 2.10 ([25, Theorem 4.1]). Let ω be any T n-invariant Ka¨hler form on (C∗)n. Then the
action is Hamiltonian with respect to ω if and only if there exists a T n-invariant potential φ such that
ω = i∂∂¯φ.
Suppose that (M,J, ω) admits an effective and holomorphic (C∗)n-action and that ω is the Ka¨hler
form of a T n-invariant compatible Ka¨hler metric. In this context, Proposition 2.10 implies that if the
T n-action on M is Hamiltonian with respect to ω, then restriction of ω to the dense orbit is ∂∂¯-exact.
As before, let (z1, . . . , zn) denote the standard coordinates on (C
∗)n. Choose any branch of log and write
w = log(z). Then clearly w = ξ+ iθ (or, more precisely, there is a corresponding lift of θ to the universal
cover with respect to which the equality holds), and so if φ is T n-invariant and ω = i∂∂¯φ, we have that
ω = i
∂2φ
∂wi∂w¯j
dwi ∧ dw¯j =
1
2
∂2φ
∂ξi∂ξj
dξi ∧ dθj .
In this setting, the metric g corresponding to ω is given on t× T n by
g = φij(ξ)dξ
idξj + φij(ξ)dθ
idθj .
The moment map µ as a map µ : t× T n → t∗ is defined by the relation
〈µ(ξ, θ), b〉 = 〈∇φ(ξ), b〉
for all b ∈ t, and where ∇φ is the Euclidean gradient of φ. Since the Hessian of φ is positive-definite,
it follows that φ is strictly convex on t. In particular, ∇φ is a diffeomorphism onto its image. Using
the identifications mentioned at the beginning of this section, we view ∇φ as a map from t into an open
subset of t∗.
2.3 Setup of the equation
Suppose now that (g,X) is a shrinking gradient Ka¨hler-Ricci soliton on a complex toric manifoldM and
that g is T n-invariant. Restricting to the dense orbit, we see that g is determined by a convex function
φ on t. We wish therefore to write equation (1.4) as an equation for φ. From (1.4), we can assume
by averaging that the soliton potential f , and therefore the vector field X , must also be T n-invariant.
Writing f = f(ξ, θ) in the real coordinate system (ξ, θ) above, it follows that f is independent of θ.
Therefore we have that
X = ∇gf = φ
ij ∂f
∂ξi
∂
∂ξj
. (2.3)
In fact, the coefficients φij ∂f
∂ξi
must be constant. Indeed, let w = log(z) as above, where z is the standard
coordinate on (C∗)n, so that w = ξ + iθ. In these coordinates we can write
X1,0 = φij
∂f
∂ξi
∂
∂wj
,
where the coefficients φij ∂f
∂ξi
depend only on the real part ξ of w. Since X is holomorphic, it follows that
∂
∂ξk
(
φij
∂f
∂ξi
)
= 2
∂
∂w¯k
(
φij
∂f
∂ξi
)
= 0.
In particular, it follows that JX ∈ t. We will denote the coefficients φij ∂f
∂ξj
= biX , so that JX = b
i
X
∂
∂θi
is determined by the constant bX ∈ t.
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Lemma 2.11. Suppose that ω is a T n-invariant Ka¨hler metric on M and that the T n-action is Hamil-
tonian with respect to ω, so that there exists a Ka¨hler potential φ for ω on the dense orbit (C∗)n ⊂ M .
If Y is any real holomorphic vector field such that JY ∈ t, let θY ∈ C∞(M) be the Hamiltonian potential
θY = µ(JY ) corresponding to JY . Then θY also satisfies LY ω = i∂∂¯θY . Moreover, up to a constant,
the restriction of θY to the dense orbit is given by θY (ξ, θ) = Y (φ).
Proof. By Cartan’s formula it suffices to show that
iY ω = −JiJY ω = −Jdµ(JY ) = d
cµ(JY ),
which proves the first statement. The second statement follows immediately from the fact that the
restriction of ω to the dense orbit is given by i∂∂¯φ.
On the dense orbit then, the term LXω in (1.4) is given by
LXω = i∂∂¯X(φ).
Hence, up to a constant, the soliton potential f is given in real logarithmic coordinates on the dense
orbit by
f = X(φ) = bjX
∂φ
∂ξj
. (2.4)
Since the Ricci form of ω is given by
Ricω = −i∂∂¯ log det(φij),
we can succinctly rewrite (1.4) in terms of φ alone.
Proposition 2.12. Suppose that M is a complex toric manifold and (ω,X) is a shrinking gradient
Ka¨hler-Ricci soliton. If the T n-action is Hamiltonian with respect to ω, then ω has a Ka¨hler potential
φ on the dense orbit, which can be viewed via the identification t × T n ∼= (C∗)n as a convex function
on Rn. Then there exists a unique affine function a(ξ) on Rn such that φa = φ − a satisfies the real
Monge-Ampe`re equation
det(φa)ij = e
−φa+〈bX ,∇φa〉. (2.5)
Proof. In light of the above discussion, the soliton equation (1.3)
ω − Ricω − LXω = 0
can be rewritten as
0 = i∂∂¯ (φ+ log det(φij)−X(φ))
= 2
∂2
∂ξi∂ξj
(φ+ log det(φij)− 〈bX ,∇φ〉) dξ
i ∧ dθj ,
and so the function φ + log det(φij) − 〈bX ,∇φ〉 on Rn has vanishing Hessian, and is therefore equal to
an affine function a(ξ). Define
φa(ξ) = φ(ξ)− a(ξ)
and let c be the constant c = 〈bX ,∇a〉. Then it is clear that
φa + log det(φa,ij)− 〈bX ,∇φa〉 = c.
Thus, by modifying a by the addition of a constant, we have that φa satisfies (2.5).
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As we have seen, the metric g depends only on the Hessian of φ. Part of the content of Proposition
2.12 therefore is a normalization for the potential φ, and we will make use of this later on.
2.4 Polyhedra and symplectic coordinates
Definition 2.13. Let P be a full-dimensional polyhedron in t∗. Then P is called Delzant if, for each
vertex v ∈ P , there are exactly n edges ei stemming from p which can be written ei = v+λiεi for λi ∈ R
and (εi) a Z-basis of Γ
∗.
This says that each vertex of a Delzant polyhedron, when translated to the origin, can be made to
look locally like standard Rn+ via an element of GL(n,Z). It follows from the definition that there is a
well-defined normal fan Σ associated to any Delzant polyhedron P . One only needs to check that the
relevant cones are rational polyhedral cones. This can be shown by induction, for example, since any
face of a Delzant polyhedron must itself be Delzant. Therefore, given any Delzant polyhedron P , there is
an associated toric variety MP =MΣ. The condition on the vertices of P is precisely what is required
to ensure that MP is smooth; see [14, Theorem 3.1.19] and the preceding statements there.
In Section 2.1, we encountered a purely algebraic construction which produced a toric variety, and
therefore a complex toric manifold, MP from the data of a Delzant polyhedron. We now introduce a
different construction, this time coming from symplectic geometry, which will produce a symplectic toric
manifold from the data of P . The idea is to construct a complex symplectic manifold (MP , ωP , JP ) as a
Ka¨hler quotient of CN by a subgroup GC of the standard torus (C
∗)N . The next proposition is standard
for compact symplectic toric manifolds, and in the more general setting of potentially singular and non-
compact varieties it is essentially proved in [9, Lemma 2.1], and earlier in [6, Chapter VI, Proposition
3.1.1]. We could not find the precise statement that we use in the literature, and so we briefly outline
the proof below.
Proposition 2.14. Let P be a Delzant polyhedron in t with N facets. Then there exists a Ka¨hler manifold
(MP , ωP , JP ) with an effective JP -holomorphic (C
∗)n-action on MP associated to P , obtained as a
Ka¨hler quotient of CN by a complex subgroup G ⊂ (C∗)N acting in the usual way. The T n-action is
Hamiltonian with respect to ωP , and the moment map µP :MP → t∗ has image P . If P is rational, then
ωP is the curvature form of a hermitian metric on an equivariant line bundle LP →MP determined by
P .
Proof. This is a direct consequence of [9, Lemma 2.1]. In particular there is a complex subgroup G ⊂
(C∗)N , a corresponding maximal compact subgroup K ⊂ G, and a moment map µK for the K-action on
CN . Then MP is defined as the symplectic quotient Z/K, where Z ⊂ CN is the preimage of a particular
regular value of µK . Denote the quotient map by π : Z → MP . The symplectic form ωP is induced by
the symplectic quotient by restricting the standard Euclidean symplectic form ωE to Z. The complex
structure JP on MP is determined via the usual Ka¨hler quotient construction. In particular, there is a
closed analytic subset V in CN where G acts freely, and we can equivalently define MP = (C
N − V )/G.
It remains only to prove the last statement about the line bundle LP . If the vertices of P lie on the
integer lattice, then the group G is algebraic and the construction of MP in [9] becomes a GIT quotient
(see [14, Chapter 14] for details). In particular, P determines a character χP : G→ C∗ which gives rise
to an action of G on the trivial line bundle O → CN , and the quotient of the total space of O by G is
a well-defined line bundle LP on MP [14, Theorem 14.2.13]. Indeed, the restriction of O to Z comes
endowed with a K-action through χP , and this bundle descends to a line bundle LP on the quotientMP .
Note that the standard Euclidean symplectic form ωE is the curvature of the T
N -invariant hermitian
metric
h(z) = e−
1
2
|z|2
on O. Therefore the restriction of the hermitian bundle (O, h) to Z is K-invariant with curvature form
(ωE)|Z . Since ωP is the unique symplectic form with π∗ωP = (ωE)|Z , we see that h|O|Z descends via π
to a hermitian metric hP on LP of which ωP is the curvature.
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In particular, given the data of a rational polyhedron P , we have two constructions, each associating
to P a toric geometric object in the appropriate category. These turn out, after making the relevant
identifications, to be equivalent. Let P be a rational polyhedron andMP be the toric variety constructed
in Section 2.1.
Proposition 2.15. The complex manifold (MP , JP ) is equivariantly biholomorphic to MP .
We omit the proof here, but this is essentially proven in [9, Lemma 2.1] (c.f. [6, Chapter VI, Propo-
sition 3.2.1]). From the description of MP given there, one simply applies the main theorem in [13] to
deduce the proposition. For the remainder of this section we work with a given Delzant polyhedron P
and denote M = MP ∼= MP . In particular, we have a canonical Ka¨hler metric ωP on M . The in-
duced T n-action is Hamiltonian by construction, so that by Proposition 2.10 there is a Ka¨hler potential
ωP = i∂∂¯φP on the dense orbit.
We move on to consider an arbitrary Ka¨hler metric ω on M with respect to which the T n-action is
Hamiltonian, not necessarily equal to ωP . We impose the additional assumption that the corresponding
moment map µ also has image equal to P . Recall from Proposition 2.10 that there then exists a potential
φ on the dense orbit (C∗)n ⊂M . We introduce logarithmic coordinates (ξj , θj) as in the previous section
so that the moment map µ is determined by the diffeomorphism ∇φ : t → P . We can then use the
moment map to introduce a change of coordinates ∇φ = x, and thereby view (C∗)n ∼= P × T n. In these
coordinates the Ka¨hler form ω is standard, i.e.
ω = dxj ∧ dθj .
So the moment map µ = ∇φ induces a natural choice of Darboux coordinates, and for this reason (xj , θj)
are typically referred to as symplectic coordinates onM . This is only a real coordinate system, and hence
the coefficients of the Ka¨hler form do not determine those of the corresponding Riemannian metric. One
can still determine the metric g by introducing a smooth function u on P which is related to φ by the
Legendre transform:
φ(ξ) + u(x) = 〈ξ, x〉. (2.6)
Then the metric g is given by
g = uij(x)dx
idxj + uij(x)dθidθj . (2.7)
Thus the metric structure is determined by the Hessian of the function u, and so by analogy with the
complex case this function is sometimes called the symplectic potential for g. Although we will not use
this here, it is worth noting that it is more natural to view the function u as determining the complex
structure J , from which the formula (2.7) for the metric is a consequence. The Legendre transform will be
used heavily in the remainder of the paper, and so for convenience we collect some basic properties here.
For references focusing on aspects most closely related to the situation here; see for example [7, 18, 25].
Lemma 2.16. Let V be a real vector space and φ be a smooth and strictly convex function on a convex
domain Ω′ ⊂ V . Then there is a unique function L(φ) = u defined on Ω = ∇φ(Ω′) ⊂ V ∗ by (2.6):
φ(ξ) + u(x) = 〈ξ, x〉
for x = ∇φ(ξ). The function u is smooth and strictly convex on Ω. Moreover, L has the following
properties:
1. L(L(φ)) = φ,
2. ∇φ : Ω′ → Ω and ∇u : Ω→ Ω′ are inverse to each other,
3. φij(∇u(x)) = uij(x),
4. L((1− t)φ+ tφ′) ≤ (1− t)L(φ) + tL(φ′).
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The third item can be understood to mean that the Euclidean Hessians ∇2φ and ∇2u are inverse to
each other, under the appropriate change of coordinates. In most situations, we will use the shorthand
φu = L(u). One application that will be used throughout the paper is the following.
Lemma 2.17. Let φ be any smooth and strictly convex function on an open convex domain Ω′ ⊂ Rn.
Let u be its Legendre transform defined on Ω. If 0 ∈ Ω, then there exists a C > 0 such that
φ(ξ) ≥ C−1|ξ| − C. (2.8)
In particular, φ is proper.
For smooth functions this is an immediate corollary of Lemma 2.16; since 0 is in the domain of u,
there is some ξ such that ∇φu(ξ) = 0. Then φu is a strictly convex function with a minimum, and hence
must grow at least linearly. In fact this holds true for a large class of less regular convex functions; see
for example [7, Lemma 2.6]. Although the notation is suggestive of the situation where φ is the Ka¨hler
potential of a toric metric, it is worth noting, and will be used later on, that this is completely symmetric
in φ and u. That is to say, if 0 lies in the domain Ω′ of φ, it follows that u must also satisfy (2.8) (with
respect to the coordinate x in Ω).
We collect some further elementary properties of the behavior of convex functions under the Legendre
transform, all consequences of the properties laid out in Lemma 2.16. As we shall see, these in turn give
rise to interesting geometric consequences when interpreted in the context of Ka¨hler geometry on complex
toric manifolds.
Lemma 2.18. Let φ be a strictly convex function on t and u = L(φ) be its Legendre transform. Let Ω
denote the image of the gradient ∇φ : t→ t∗.
1. For B ∈ GL(n,Z), set φB(ξ) = φ (Bξ). Then L(φB)(x) = u((BT )−1x), and the image of ∇φB :
t→ t∗ is equal to BT (Ω).
2. For b1 ∈ t, set φb1(ξ) = φ(ξ − b1). Then L(φb1)(x) = u(x) + 〈b1, x〉. Clearly, the image of ∇φb1 is
also equal to Ω.
3. Symmetrically, for b2 ∈ t
∗, set φb2(ξ) = φ(ξ) + 〈b2, ξ〉. Then L(φ
b2)(x) = u(x− b2) and the image
of ∇φb2 is equal to Ω− b2.
Let M be a complex toric manifold together with a Ka¨hler metric ω with respect to which the real
T n action is Hamiltonian, and let φ be a strictly convex function on the dense orbit (C∗)n ⊂M such that
ω = i∂∂¯φ. Let µ : M → t∗ denote the corresponding moment map, normalized so that 〈µ, b〉 = 〈∇φ, b〉
on the dense orbit as in Section 2.2, and suppose that the image of µ is equal to a Delzant polyhedron
P . Recall also from Section 2.2 that we fix a basis X1, . . . , Xn for t. Then the action of GL(n,Z) on φ
corresponds simply to changing this basis by an automorphism of (C∗)n. This will be useful to simplify
calculations later on, since by the Delzant condition we can use this to assume that P locally coincides
with a translate of the positive orthant Rn+ near any vertex. The action of t on φ given in (2.) corresponds
to composing the (C∗)n-action on M with an element of the form e−b1 ∈ (C∗)n. Notice that this is is
always induced from the global automorphism e−b1 : M → M of M . The t∗-action of (3.) is most
naturally viewed as a modification of the moment map µ by the action of t∗ on itself by translation.
Recall from Proposition 2.12 that we are interested in the case where φ is a solution to (2.5) on t.
Since φ uniquely determines and is uniquely determined by its Legendre transform u = L(φ), we can
once again make use of the properties laid out in Lemma 2.16 to rewrite (2.5) as a real Monge-Ampe`re
equation for the convex function u, defined on the interior of the image of the moment map. We assume
as above that this image is equal to a Delzant polyhedron P .
Proposition 2.19. Suppose that M is a complex toric manifold and (ω,X) is a shrinking gradient
Ka¨hler-Ricci soliton on M . Suppose that the T n-action is Hamiltonian with respect to ω, so that, by
Proposition 2.10, ω admits Ka¨hler potential determined by a strictly convex function φ on t satisfying
(2.5). Let u = L(φ) be the Legendre transform, which we assume is defined on the Delzant polyhedron
P . Then u satisfies the real Monge-Ampe`re equation
uix
i − u(x)− log det(uij) = 〈bX , x〉. (2.9)
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We return now to the canonical metric ωP defined in Proposition 2.14. We have just seen that there is
a corresponding symplectic potential uP on P . The main result of [25] is an explicit formula for uP , only
in terms of the data of P , in the case that P (and therefore M) is compact. This has been generalized
in [9, Theorem 5.2] to (essentially) arbitrary polyhedra, the Delzant case included. Let Fi, i = 1, . . . , d
denote the (n − 1)-dimensional facets of P with inward-pointing normal vector νi ∈ Γ, normalized so
that νi is the minimal generator of σi = R+ · νi in Γ. Let ℓi(x) = 〈νi, x〉, so that P is defined by the
system of inequalities ℓi(x) ≥ −ai, i = 1, . . . , N , ai ∈ R. Then from [9] we have the following explicit
formula for uP :
uP (x) =
d∑
i=1
(ℓi(x) + ai) log (ℓi(x) + ai) . (2.10)
2.5 Equivalences
Thus far, we have shown that associated to any Delzant polyhedron P there is a toric Ka¨hler manifold
(MP , JP , ωP ). We begin this subsection by giving conditions under which we can extend the Delzant
classification to the non-compact setting. In brief, we would like to understand the answers to the
following questions. First, given a toric Ka¨hler manifold (M,J, ω), under what conditions is the image
of the moment map equal to a Delzant polyhedron P? Second, given a toric Ka¨hler manifold (M,J, ω)
whose moment image is equal to a Delzant polyhedron P , under what conditions can we say that
(M,J) ∼= (MP , JP ) and (M,ω) ∼= (MP , ωP )?
To a large extent these questions have already been studied, and much of what appears below is
simply a collection of existing results, rephrased in order to better suit the current setup. The answer
to the first question and part of the second comes from the work of [29, 36].
Lemma 2.20. Let (M,ω) be any symplectic toric manifold with finite fixed point set. Suppose that there
exists b ∈ t such that the function 〈µ, b〉 : M → R is proper and bounded from below. Then the image of
the moment map µ is a Delzant polyhedron P , and moreover (M,ω) is equivariantly symplectomorphic
to (MP , ωP ).
Proof. Since the fixed point set of the T n-action is finite, it follows from [36, Proposition 1.4] and the
preceeding remarks that the existence of such a b ∈ t is sufficient to show that the image of the moment
map µ is a polyhedral set in t∗. This means by definition that µ(M) is equal to the intersection of
finitely many half spaces. It then follows immediately from [29, Proposition 1.1] that P is a Delzant
(unimodular) polyhedron. Finally, [29, Theorem 1.3, c.f. Theorem 6.7] furnishes the desired equivariant
symplectomorphism.
Given a general symplectic toric manifold (M,ω) satisfying the conditions of Lemma 2.20, let P be
the corresponding polyhedron in t∗. Suppose that there is a compatible complex structure J such that
T n acts holomorphically. WhenM is compact, J is determined up to biholomorphism by P . This follows
in part since we can always use J to complexify the T n-action to an action of the full (C∗)n. In general,
the issue is more subtle. The following example illustrates the problem.1
Example 2.21. Let (D, ω) denote the Poincare´ model of the hyperbolic metric on the unit disc in C.
The standard S1-action on C restricts to an action on D, but clearly this does not admit a complexified
action of C∗ on D. The symplectic form ω is S1-invariant and, with an appropriate normalization, the
moment map µ : D→ R has image equal to the unbounded closed interval P = [0,∞). Thus, the image
is the Delzant polyhedron P , but D 6∼=MP ∼= C.
However, if we assume a priori that there exists a complexified action, then it does indeed follow that
the complex structure must be biholomorphic to the standard one JP on MP . Let (M,J) be a complex
toric manifold, so that there exists an effective holomorphic (C∗)n-action. Suppose that ω is the Ka¨hler
form of a compatible Ka¨hler metric such that the T n-action is Hamiltonian.
1We thank Vestislav Apostolov for providing this example.
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Lemma 2.22 (c.f. [2, Proposition A.1]). Let (M,J, ω) be as above, and assume that the image of the
moment map is equal to a Delzant polyhedron P . Then M is equivariantly biholomorphic to MP . In
particular, (M,J) is quasiprojective.
Proof. For each k-dimensional face Fi of P , choose a point pi in the interior. By [27, Theorem 4.1,
part (v)] (c.f. [26, 35]), each point q ∈ µ−1(Fi) is stabilized by a common torus T
n−k
Fi
⊂ T n with Lie
algebra ti, and moreover Fi lies as an open subset of the dual k-plane t
⊥
Fi
⊂ t∗. By the holomorphic
slice theorem [37, Theorem 1.24], there exists a (C∗)n-invariant open neighborhood Ui ⊂ M of the
orbit (C∗)n · pi ⊂ M and an equivariant biholomorphism Φi : Ui → (C
∗)k × Cn−k, with the standard
(C∗)n-action such that Φi(pi) = (1, 0) and Φi(µ
−1(Fi) ∩ Ui) = (C∗)k × {0}. We see that the stabilizer
T n−kFi acts in the coordinates induced by Φi by the standard action on C
n−k. In this way, we produce
an equivariant holomorphic coordinate covering of M by running through each pi. Suppose now that
F1, F2 are two k-dimensional faces that which lie on the boundary of a higher-dimensional face E of P ,
and let ΦF1 : UF1 → (C
∗)k × Cn−k,ΦF2 : UF2 → (C
∗)k × Cn−k,ΦE : UE → (C
∗)l × Cn−l denote the
corresponding maps as above. By equivariance, the transition map ΦF2 ◦Φ
−1
F1
is uniquely determined by
the inclusions of (C∗)l × Cn−l ⊂ (C∗)k × Cn−k given by ΦE . These in turn are determined uniquely by
the inclusions of the stabilizer algebra tE ⊂ tF1 , tF2 . As we have seen, the stabilizer algebras tE , tF1 , tF2
comprise the normal directions to the faces E,F1, F2 in t
∗, respectively. In particular, the transition
data of this covering is determined uniquely by the normal fan ΣP of P . Now let (Wi,Ψi) be a cover
of MP constructed in the same way. For each face Fi of P , we have maps Ψ
−1
i ◦ Φi : Ui → Wi. Since
the transition data for each covering is uniquely determined by ΣP , we see that these local maps patch
together to form a well-defined biholomorphism M →MP .
We have thus far met several inequivalent definitions of what it means for a non-compact manifold
to be “toric.” To avoid confusion, we introduce the following definition, which lies at the intersection of
all of the previously introduced notions.
Definition 2.23. We say that (M,J, ω), together with a given (C∗)n-action is algebraic-Ka¨hler toric
(AK-toric) if the following conditions are met:
1. The (C∗)n-action is effective and holomorphic with respect to J .
2. The symplectic form ω is the Ka¨hler form of a compatible, T n-invariant Ka¨hler metric on M .
3. The T n-action is Hamiltonian with respect to ω, and the moment map µ :M → t∗ has image equal
to a Delzant polyhedron P .
Such an M is always equivariantly biholomorphic to the algebraic toric variety MP by Lemma 2.22
and Proposition 2.15. When (M,ω) is a compact toric manifold, the polytope P is determined up to
translation in t∗ by the cohomology class [ω] [1, 2, 25]. We show this is true in the case that there is an
action of the full (C∗)n.
Proposition 2.24. If (M,J, ω) be AK-toric, then the moment polyhedron P is determined up to trans-
lation by the cohomology class [ω].
Proof. The polyhedron P determines a torus-invariant divisor Dω on (M,J) as follows. Since (M,J)
is biholomorphic to (MP , JP ), we use this biholomorphism and assume without loss of generality that
(M,J, ω) = (MP , JP , ω) with ω not necessarily equal to ωP . Recall that (MP , JP ) naturally carries the
structure of the algebraic toric variety MP . Thus, we can identify the normal fan Σ of P with the fan
corresponding to MP . Let νi be the minimal generator in Γ of the ray σi ∈ Σ corresponding to the
direction normal to each facet Fi of P . Then each Fi of P has the local defining equation ℓi(x) + ai = 0,
where ℓi(x) = 〈νi, x〉 for some ai ∈ R. Recall that σi defines via the Orbit-Cone correspondence an
irreducible Weil divisor Di. The divisor Dω is then given by
Dω =
∑
aiDi.
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We can assume without loss of generality that the irreducible component D1 of Dω is compact. If there
is no such D1, then it follows that there is a b ∈ R
n and A ∈ GL(n,Z) such that the affine transformation
Ax + b takes P to the positive orthant Rn+, and so M
∼= Cn. Note that the entire construction behaves
well with respect to restriction, so that D1 =MF1 . Since P is Delzant, so is F1, and so it follows that D1
is a nonsingular projective variety. If we restrict ω to D1, we obtain a moment map for the T
n−1-action
µ1 : D1 → t1, where t1 ⊂ t is the orthogonal complement of the stabilizer algebra of D1. Then the image
of µ1 is the face F1 of P corresponding to D1. After potentially acting by an element of GL(n,Z), we can
assume that 〈ν1, x〉 = x1, so that t1 can be identified with the subspace x1 = 0. Inside of t1, F1 is then
defined by 〈ηi, (x2, . . . , xn)〉 ≥ −αi for some ηi in the lattice and αi ∈ R. Thus, the Delzant polytope F1
determines a divisor ∆ =
∑
αi∆i on D1, where ∆i are the torus-invariant divisors on D1 corresponding
to ηi through the Orbit-Cone correspondence.
Since (D1, ω|D1) is itself a compact symplectic toric manifold, we can now appeal to the well-
established theory in the compact setting [5, 26, 15, 25]. Specifically, we have that the cohomology
class of the symplectic form ω|D1 is given by [15, 25]
[ω|D1 ] =
∑
αi[∆i].
The coefficients αi, by definition, fix the defining equations of F1 inside t1. Thus, we see that the facet F1
is uniquely determined by [ω] up to translation in t1. By the Orbit-Cone correspondence, the subspace
t1 on which F1 lies is uniquely determined by the fixed fan Σ, up to translation in its normal direction.
We see then that the set of vertices {v1, . . . , vk} of F1, which is the image under µ of the set of fixed
points T n-action that lie in µ−1(F1), is determined uniquely up to a translation in t
∗ by [ω]. Now each
vertex of P lies on at least one compact facet, again unless M ∼= Cn and P = Rn+. Hence, we can repeat
this process for each compact torus-invariant divisor to see that the set of all vertices {v1, . . . , vK} of P
is determined up to translation in t∗ by [ω]. It is clear then that the same is true of P .
Corollary 2.25. Let M be AK-toric with polyhedron P = {x ∈ t∗ | 〈νi, x〉 ≥ −ai for all i = 1, . . . , N},
and suppose that ω is the curvature of an equivariant hermitian holomorphic line bundle (L, h). Then
L ∼= O(Dω) is the line bundle associated to the divisor Dω =
∑
aiDi.
Proof. IRecall that an AK-toric manifold with polyhedron P is biholomorphic to the toric variety MP .
Let Σ be the normal fan of P so that MP = MΣ. Since M is smooth we have by [14, Proposition
4.6.2] that L ∼= O(D) for some torus-invariant divisor D =
∑
βiDi with βi ∈ Z. We let PD denote the
polyhedron associated to D given by (2.2), i.e.
PD = {x ∈ t
∗ | 〈x, νi〉 ≥ −βi, for all i = 1, . . . , N} ,
where ν1, . . . , νN are the minimal generators of the rays σi ∈ Σ. If D and D′ are any two torus-invariant
divisors on M with integer coefficients, we define an equivalence relation by declaring that D ∼ D′ if
and only if there exists some ν ∈ Γ∗ such that PD′ = PD + ν, where PD and PD′ are the polyhedra
defined in (2.2). By [14, Theorem 4.1.3], D ∼ D′ if and only if O(D) ∼= O(D′). Suppose that D1 is a
compact torus-invariant Weil divisor inM . As before, such a D1 must exist unlessM ∼= Cn and P = Rn+.
Perhaps by modifying D by the equivalence relation, we can assume that the coefficient β1 corresponding
to D1 is zero. In other words, there is a section s1 of L which does not vanish identically on D1. Let
F1 ⊂ P be the facet corresponding to D1. As before, the Delzant polyhedron F1 determines a unique
torus-invariant Weil divisor ∆ =
∑
αi∆i on D1. The restriction of s1 to D1 is a section of L|D1 which
vanishes along ∆i = D1 ∩Di to order αi. In particular, we see that the coefficients αi of ∆i are equal to
those βi such that Di ∩D1 6= ∅. Recall that Dω =
∑
aiDi. We claim that Dω ∼ D. As before, we can
act by GL(n,Z) so that 〈ν1, x〉 = x1. Write P1 = Pω + ν1 so that the face F1 + ν1 corresponding to D1
now lies on the hyperplane x1 = 0, and in general P1 is defined by 〈x, νi〉 ≥ 〈ν1, νi〉 − ai = −a˜i. Then
it is straightforward to compute that the coefficients αi are equal to those a˜i such that Di ∩ D1 6= ∅.
Running across all compact divisors of M , we see that the coefficients ai in the defining equations for
Pω are uniquely determined by βi up to equivalence. In particular, Dω ∼ D.
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Proposition 2.26. Let (M,J, ω) be AK-toric with moment polyhedron P . Then ω admits a strictly
convex symplectic potential u on P , unique up to the addition of an affine function on P . Moreover, the
function u takes a special form. Recall that M ∼=MP , so that P in particular determines a Ka¨hler form
ωP on M with symplectic potential uP defined by (2.10). Then there exists a function v ∈ C∞(P ) such
that
u = uP + v. (2.11)
Proof. By Proposition 2.10, the restriction of ω to the dense orbit (C∗)n ⊂M is determined by a strictly
convex function φ on t. The moment map µ :M → t∗ is then determined by the Euclidean gradient ∇φ
on t. Thus, there is a symplectic potential u = L(φ) defined by the Legendre transform (2.6). That u
satisfies the boundary condition (2.11) follows from [4, Lemma 2, Proposition 1], since in our setting the
moment map is proper.
3 Convexity properties
3.1 The weighted volume functional
Let (N,ω) be a Fano manifold with a given Ka¨hler metric ω ∈ 2πc1(N), and let h be the space of all
holomorphic vector fields on N . Given v ∈ h, let θv be a Hamiltonian potential for Jv with respect to
the T k-action generated by the flow of Jv, which exists because in the compact manifolds with c1 > 0
always satisfy H1(N) = 0. Then set F (v) as
F (v) =
∫
N
e−θvωn.
In order for this to be well-defined of course one must normalize θv. With an appropriate choice, it turns
out that F (v) is independent of choice of the metric ω in its cohomology class [40]. The modified Futaki
invariant of [40] is then defined as the derivative FX : h→ C of F at a given holomorphic vector field X .
Then FX is independent of the choice of reference metric, and in [40] it is shown that FX must therefore
vanish identically if X is the vector field corresponding to a Ka¨hler-Ricci soliton on N . A necessary
condition therefore for X to occur as the vector field of a shrinking gradient Ka¨hler-Ricci soliton on N
is that FX ≡ 0.
It is shown in [12] that these ideas can be generalized to the non-compact setting in the presence of
a complete shrinking gradient Ka¨hler-Ricci soliton with bounded Ricci curvature. As in [12], we refer
to F as the weighted volume functional. Suppose that a real torus T k acts on M holomorphically and
effectively with Lie algebra t, and that the soliton vector field X satisfies JX ∈ t. By the Duistermaat-
Heckman theorem [20, 21, 36], there is an open cone Λ ⊂ t ⊂ h where the weighted volume functional F ,
and thereby the Futaki invariant, can be defined. Moreover, the domain Λ can be naturally identified
with the dual asymptotic cone of µ(M) ⊂ t∗ (see [36, Definition A.2, Definition A.6]). Just as in [36],
we shall see that Λ is in natural bijection with the space of Hamiltonian potentials which are proper and
bounded below on M . In this setting, the soliton vector field X has the property that JX ∈ Λ and is
the unique critical point of F [12, Lemma 5.17]. This is analogous to the volume minimization principle
of [32] for the Reeb vector field of a Sasaki-Einstein metric.
We show that on an AK-toric manifoldM with moment polyhedron P , the weighted volume functional
F is proper, convex, and bounded from below. It is clear from the definitions that the asymptotic cone
of P is equal to its recession cone C. Thus, there is a natural identification of the domain Λ of F
with the dual recession cone C∗ ⊂ t. Fix a Delzant polyhedron P and let M ∼= MP . Throughout this
section we make the extra assumption that P contains the point zero in its interior. This of course
can always be achieved by a translation, which corresponds to a modification of the moment map by a
constant; see Lemma 2.18. Suppose that there exists an AK-toric metric ω on M with P as its moment
polyhedron. Then there is a potential φ for ω on the dense orbit. For any v ∈ t, we know from Lemma
2.11 that there is a fixed bv ∈ Rn such that the restriction of the Hamiltonian potential θv to the dense
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orbit is determined by the function 〈bv,∇φ〉 on Rn. Then passing to symplectic coordinates via the
Legendre transform (2.6), we then see that θv is determined by the linear function 〈bv, x〉 on P . The
next proposition can be interpreted as the existence and uniqueness of a vector field in t with vanishing
Futaki invariant.
Proposition 3.1. Let P ⊂ t∗ be a Delzant polyhedron containing zero in its interior. Then there exists
a unique linear function ℓP (x) determined by P such that∫
P
ℓ(x)e−ℓP (x)dx = 0 (3.1)
for any linear function ℓ on P .
Proof. Of course here t∗ can be any real vector space, although our only application is when t∗ is the
dual Lie algebra of a real torus T n. Let C ⊂ t∗ be the recession cone of P . It follows immediately from
the definition that the interior of C∗ is characterized by those b ∈ t such that the linear function 〈b, x〉
on P is positive outside of a compact set. Indeed, for each b ∈ t, set
Hb = {x ∈ R
n | 〈b, x〉 ≤ 0},
and
Qb = Hb ∩ P.
Then Qb is compact if and only if 〈b, νi〉 > 0 for each inner normal νi of P . Since C is spanned by the
inner normals {νi}, it follows that Qb is compact if and only if b ∈ C∗. Thus e−〈b,x〉 is integrable on P ,
and so there is a well-defined function F : C∗ → R given by
F (b) =
∫
P
e−〈b,x〉dx.
Then
∂
∂bj
F = −
(∫
P
xje−〈b,x〉dx
)
.
The function F is clearly convex which immediately gives uniqueness. To show existence, it suffices to
show that F is proper. That is, given a sequence bj in the interior of C
∗ such that either |bj| → ∞ or
the sequence {bj} approaches a point on the boundary, we need to show that F (bj) → ∞. Consider
the former case first. Using the natural inner product on t, we can view the dual recession cone C∗ as
sitting inside of t∗. Since 0 ∈ P , the intersection Q = −C∗∩P has positive measure in Rn. Now suppose
that {bj} is any sequence in C∗ such that |bj | → ∞. Let y ∈ Q be a fixed point in the interior and
choose ε sufficiently small so that Bε(y) ⊂ Q has strictly positive Euclidean distance to the boundary
∂Q. In particular, we then have that infv∈Sn−1∩C∗〈v,−y〉 > 0. We choose ε sufficiently small so that
δ = infv∈Sn−1∩C∗〈v,−y〉− ε > 0. For any x ∈ Bε(y), write x = y+ rw for r ∈ [0, ε) and w ∈ S
n−1. Then
we have, for any (b, x) ∈ C∗ ×Bε(y),
−〈b, x〉 ≥ 〈b,−y〉 − r|b||v| ≥
(〈
b
|b|
,−y
〉
− ε
)
|b| ≥ δ|b|.
Therefore, we see immediately that
F (bj) =
∫
P
e−〈bj,x〉dx ≥
∫
Bε(y)
e−〈bj ,x〉dx ≥
∫
Bε(y)
eδ|bj|dx.
Since |bj| → ∞, we have then that F (bj)→∞.
Consider now the latter case. The key point is that ∂C∗ is defined by those b¯ ∈ Rn such that there
exists at least one c¯ ∈ C with 〈b¯, c¯〉 = 0. Choose b¯ ∈ ∂C∗. The result essentially follows from the fact
that the polyhedron Qb¯ defined above is unbounded. More explicitly, if c¯ is a point with 〈b¯, c¯〉 = 0, then
for any x0 ∈ Qb¯ we have that x0+λc ∈ Qb¯ for any λ ≥ 0. If we then fix a small (n−1)-disc Dε(x0) ⊂ Qb¯
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perpendicular to c, consider the tubes Tλ = {x + rc | x ∈ Dε(x0), r ∈ (0, λ)} ⊂ Qb¯. Take a sequence of
points bi → b¯ with bj in the interior of C
∗, and define Qbj and Hbj as above. Recall that each Qbj is
bounded. Choosing ε small enough, and perhaps after removing finitely many terms from {bj}, we can
assume that Dε(x0) is contained in Qb1 . Let λj be the largest positive number such that Tλj ⊂ Qbj .
Since Qbj → Qb¯, we see that λj →∞. Then we have
F (bj) =
∫
P
e−〈bj ,x〉dx ≥
∫
Tλj
e−〈bj ,x〉dx = λj
∫
Dε(x0)
e−〈bj ,y〉dy,
where y are the coordinates on Dε(x0). Clearly F (bj)→∞.
Corollary 3.2. Let P ⊂ Rn be a Delzant polyhedron, M = MP , and suppose that ω is a T n-invariant
Ka¨hler metric with P as its moment polyhedron. Let v be the holomorphic vector field on M determined
by bv ∈ t and θv be a Hamiltonian potential for Jv. Then∫
M
e−θvωn <∞
if and only if bv lies in the dual recession cone C
∗.
Proof. We work on the dense orbit in symplectic coordinates (C∗)n ∼= P × T n. We have seen in Section
2.4 that in these coordinates ω is given simply by ω =
∑
dxi ∧ dθi so that the integral above becomes∫
(C∗)n
e−θvωn =
∫
P×Tn
e−〈bv,x〉dxdθ = (2π)n
∫
P
e−〈bv,x〉dx.
As we have seen, this is finite precisely when bv ∈ C∗.
As a consequence, we recover the result of [36] that domain the Λ of the weighted volume functional
F can be identified with the dual asymptotic cone C∗.
3.2 The soliton equation
Let P be a Delzant polyhedron containing zero in its interior and M ∼= MP . Suppose that there is
a complete T n-invariant shrinking gradient Ka¨hler-Ricci soliton ω with P as its moment polyhedron,
and whose soliton vector field X satisfies JX ∈ t. From Proposition 2.19, we know that there is a
corresponding symplectic potential u ∈ C∞(P ) which satisfies
uix
i − u(x)− log det(uij) = 〈bX , x〉,
where the linear function 〈bX , x〉 on P corresponds via the Legendre transform to the Hamiltonian
potential θX = µ(JX) for JX . We adopt the following simplification of notation from [18]. For a given
u ∈ C∞(P ), set
ρu = uix
i − u(x)− log det(uij) (3.2)
so that the soliton equation can once again be rewritten as
ρu = 〈bX , x〉. (3.3)
The function e−ρ is natural to study in the context of integration over P . In particular,
Corollary 3.3. Let P be a Delzant polyhedron containing zero in its interior. For any smooth and
convex function u on P , we have that ∫
P
e−ρudx <∞.
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Proof. To prove the corollary, we let φu(ξ) = L(u) be the Legendre transform and apply the change of
coordinates x = ∇φu(ξ), where ξ denotes coordinates on the domain Ω ⊂ R
n of φu. Then from Lemma
2.16 we have
det(uij)dx = dξ,
and
u− 〈∇u, x〉 = −φu(ξ).
Therefore ∫
P
e−ρudx =
∫
Ω
e−φudξ.
Then from Lemma 2.17 we know that e−φu is integrable on Ω.
Remark 3.4. We emphasize at this stage the statement of Lemma 2.17; simply by asserting that zero
lies in the domain of u, it follows automatically that the Legendre transform φu of u is proper.
Corollary 3.5. Let P be a Delzant polyhedron containing zero in its interior, and suppose that there
exists a solution u ∈ C∞(P ) to (3.3). Then the element bX ∈ t determining JX lies in C∗.
Proof. Since P contains zero in its interior, we have by Corollary 3.3 that∫
P
e−ρudx <∞.
Since u satisfies (3.3), we have ∫
P
e−〈bX ,x〉dx <∞.
Since the restriction of the Hamiltonian potential θX for JX to P × T n is given by θX |P×Tn = 〈bX , x〉,
it follows from Corollary 3.2 that bX ∈ C∗.
Lemma 3.6. Let P be a Delzant polyhedron containing zero in its interior, and suppose that there exists
a solution u ∈ C∞(P ) to (3.3). Then the linear function 〈bX , x〉 on P satisfies∫
P
ℓ(x)e−〈bX ,x〉dx = 0
for any linear function ℓ(x) on P .
Proof. First, we claim that any function u ∈ C∞(P ) which is the Legendre transform of a smooth convex
function φ on Rn satisfies ∫
P
ℓ(x)e−ρudx = 0
for any linear function ℓ(x) on P . Pick any coordinate xj and compute∫
P
xje−ρudx =
∫
Rn
φje
−φdξ = −
∫
Rn
(
e−φ
)
j
dξ.
By Lemma 2.17, we know that e−φ decays at least exponentially in |x|. Thus, integration by parts yields
that the term on the right-hand side is zero. Then if u satisfies ρu = 〈bX , x〉, it follows that
∫
P
xje−〈bX ,x〉dx =
∫
Rn
(
e−φ
)
j
dξ = 0
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for each j.
Therefore, the linear function 〈bX , x〉 on P must be equal to the unique linear function ℓP determined
by Proposition 3.1. We will henceforth denote
〈bX , x〉 = ℓP (x)
since whenever both sides exist, they must coincide.
3.3 Real Monge-Ampe`re equations on unbounded convex domains
In this section we study the analytic properties of some real Monge-Ampe`re equations of the same form
as (3.3). More precisely, we will consider equations of the form
ρu = A, (3.4)
where now the right-hand side A(x) ∈ C∞(P ) can be any smooth function satisfying some fixed hy-
potheses which we will discuss below. When P is bounded, this is also the approach taken in [7] and [18].
Let P be a Delzant polyhedron defined by the system of inequalities ℓi(x) + ai ≥ 0, and suppose that P
contains zero in its interior. We note that as in [7], most of the statements that follow can be made to
hold on more general unbounded convex sets with the appropriate change in definitions. For simplicity
and clarity of exposition, we confine ourselves here to the case where P is a Delzant polyhedron. Define
uP as in (2.10) by
uP (x) =
d∑
i=1
(ℓi(x) + ai) log (ℓi(x) + ai) .
Although we will largely ignore it in this section, recall that uP is the symplectic potential of the canonical
Ka¨hler metric ωP on MP . Let A(x) ∈ C∞(P ). We will say that A is admissible if each of the following
conditions hold.
1. VA =
∫
P
e−Adx <∞,
2.
∫
P
ℓ(x)e−Adx = 0 for any linear function ℓ,
3.
∫
P
uP e
−Adx <∞.
For an admissible function A. In analogy with Proposition 2.26, we define the space P of symplectic
potentials by
P =
{
u = uP + v
∣∣∣∣
∫
P
ue−A(x)dx <∞ , (u)ij > 0, v ∈ C
∞(P )
}
.
The space P can be naturally viewed as a convex subset of the subspace WA ⊂ C∞(P ), defined as those
v ∈ C∞(P ) such that
∫
P
ve−Adx < ∞. We define P0 ⊂ P to be the space of normalized symplectic
potentials; these will be those u ∈ P such that∫
P
ue−A(x)dx = 0. (3.5)
Clearly for any u ∈ P , we can find a constant c such that u+ c ∈ P0.
Definition 3.7. Given any u, u′ ∈ P , we say that the linear path ut = (1− t)u+ tu′ joining u and u′ is
a geodesic.
It can be shown via an elementary local argument that geodesics in this sense have the property that
their Legendre transforms define geodesics in the space of Ka¨hler metrics onM ∼=MP in the usual sense.
The interpretation is that if u, u′ ∈ C∞(P ) are the Legendre transforms of two Ka¨hler potentials φ, φ′
on M , then the path φt = L(ut) solves the pointwise equation
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φ¨t −
1
2
∣∣∣∇ωt φ˙t∣∣∣2
ωt
= 0,
and can thus be considered a geodesic in the space of Ka¨hler metrics in the sense of [16]. The only piece
of this calculation that we will need to use is an easy exercise in the basic properties of the Legendre
transform.
Lemma 3.8. Let ut be any path in P and φt = L(ut). Then the time derivatives satisfy
u˙t = −φ˙t. (3.6)
Proof. We have
u˙t =
∂
∂t
ut(x) =
∂
∂t
(〈
∇ut, x
〉
− φt(∇ut)
)
=
〈
∂
∂t
∇ut, x
〉
− φ˙(∇ut)−
〈
∇φt,
∂
∂t
∇ut
〉
= −φ˙.
We introduce a Ding-type functional D defined on P whose critical points are solutions to (3.4).
Define D1 on P by setting
D1(u) =
∫
P
e−ρudx. (3.7)
This is well-defined on P by Corollary 3.3, since the domain P of u contains zero by assumption.
Lemma 3.9. Suppose that u ∈ P is a solution to (3.4). Let v˜ ∈ WA be any function such that u+tv˜ ∈ P
for sufficiently small t. Then the first variation of D1 at u in the direction v˜ is given by
δuD1(v˜) =
∫
P
v˜e−A(x)dx.
Proof. Let ut = u+ tv˜ and φt = L(ut), so that u˙t = v˜. Then we can write
D1(ut) =
∫
∇ut(P )
e−φtdξ.
By Lemma 2.17, we can extend each e−φt as an integrable function on Rn by setting it to zero outside
its domain, so the above integrals may as well be assumed to be over all of Rn. Then
∂
∂t
D1(ut)
∣∣∣∣
t=0
= −
∫
Rn
φ˙e−φ =
∫
P
v˜e−Adx,
using (3.6) and (3.4).
The Ding functional D on P is then defined to be
D(u) =
1
VA
∫
P
ue−Adx− logD1(u). (3.8)
Suppose that u ∈ P satisfies ρu = A, and let v˜ ∈WA be any function such that u+ tv˜ ∈ P for sufficiently
small t. Then by Lemma 3.9 we have
δuD(v˜) =
1
VA
∫
P
v˜e−Adx −
δuD1(v˜)
D1(v˜)
=
1
VA
∫
P
v˜e−Adx −
1∫
P
e−ρudx
∫
P
v˜e−ρudx = 0,
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and therefore a solution to (3.4) is automatically a critical point of D. Recall that P0 is by definition
the space of symplectic potentials u ∈ P such that
∫
P
ue−Adx = 0.
Proposition 3.10 (c.f. [7, Proposition 2.15]). The Ding functional D is convex on P0. It is invariant
under the action of Rn given by addition of linear functions, and it is strictly convex modulo this action.
In particular, suppose that u0, u1 ∈ P0. Then if D(tu1 + (1− t)u0) = tD(u1) + (1− t)D(u0), there exists
a linear function ℓ(x) on P such that u1 = u0 + ℓ.
Proof. If u0, u1 ∈ P satisfy u1 = u0+ ℓ(x)+ a with a ∈ R and ℓ any linear function, it is straightforward
to see that ρu1 = ρu0 . Thus D1 is invariant under addition of affine functions on P . Therefore if we
restrict to P0, D1 remains invariant under the action of the linear functions. That D is invariant is thus
equivalent to the statement that
∫
P
ℓ(x)e−Adx = 0 for any linear function ℓ on P , which A satisfies by
definition. We prove convexity directly, and show that
D(ut) ≤ tD(u1) + (1− t)D(u0),
where ut = tu1 + (1 − t)u0 for any u0, u1 ∈ P . Let ρt = ρut and φt = L(ut) be the Legendre transform
of ut. To see the inequality, first notice that the functional u 7→
∫
P
ue−Adx is clearly affine on P and in
fact vanishes identically on P0. Therefore it suffices to show that the function
t 7→ − log
∫
P
e−ρtdx
is convex in t. This follows from the fact that the Legendre transform is itself a convex mapping, i.e.
φt(ξ) ≤ tφ1(ξ) + (1− t)φ0(ξ), (3.9)
which is the fourth item in Lemma 2.16. Fixing t, we see by changing coordinates that
− log
∫
P
e−ρtdx = − log
∫
Rn
e−φtdξ.
It then follows immediately from the Prekopa-Leindler inequality [19] that this is convex in t. This says
precisely that any family φt of convex functions satisfying (3.9) has the property that the function of
one variable
∫
Rn
e−φtdξ is log-concave (i.e. t 7→ − log
∫
Rn
e−φtdξ is convex). The strict convexity follows
from the equality case of the Prekopa-Leindler inequality, which was also studied in [19]. If the function∫
Rn
e−φtdξ is affine in t, then by [19, Theorem 12] there exists m ∈ R and a ∈ Rn such that
φ1(ξ) = φ0(mξ + a)− n log(m)− log
(∫
Rn
e−φ1dξ∫
Rn
e−φ0dξ
)
.
Firstly, we see that m must be equal to 1 since u0, u1 ∈ P . Indeed L(φ0(mξ)) = u0(m−1x). If u0 ∈ P ,
then u0(m
−1x) − uP (x) ∈ C∞(P ) if and only if m = 1. Then we have that φ1(ξ) = φ0(ξ + a) − C for
some C. Again passing to the Legendre transform, we have that
u1(x) = L(φ1(ξ)) = L(φ0(ξ + a)− C) = u0(x) + ℓa(x) + C.
The normalization for the constant is fixed by the condition that u0 ∈ P0 (3.5), and so we must have
that u1 = u0 + ℓa.
As a corollary, we have the following:
Theorem 3.11. Let P be a polyhedron containing zero in its interior, and suppose that A ∈ C∞(P ) is
admissible. Then up to the action of the linear functions, there is at most one solution u to (3.4) in P0.
21
Proof. Suppose that we have two solutions u0 and u1, and let ut = tu1 + (1 − t)u0. Let H denote the
space of equivalence classes [u] in P0 under the action of R
n by the addition of linear functions. By
Proposition 3.10, D descends to a strictly convex functional on H. In particular, the convex function of
one variable
t 7→ D ([ut])
is minimized at both t = 0 and t = 1, and hence is constant. Since D is strictly convex, it follows that
[u0] = [u1].
4 Proofs of the main theorems
4.1 Preliminaries
Let (M,J) be a complex manifold with a fixed effective and holomorphic action of the real torus T n with
finite fixed point set. Suppose that ω is the Ka¨hler form of a complete shrinking gradient Ka¨hler-Ricci
soliton (g,X) on M with JX ∈ t. By [43, Theorem 1.1] it follows that any manifold which admits a
complete shrinking Ricci soliton must satisfy H1(M) = 0. It is an immediate consequence that the T n
action is Hamiltonian with respect to the Ka¨hler form ω of g. Indeed, let X1, . . . , Xn be any basis for
t, and θj ∈ C∞(M) satisfy −iXjω = dθj . Then one defines a moment map explicitly by the formula
µ(x) = (θ1, . . . , θn). There is of course an ambiguity in the choice of each θj of the addition of a constant.
Put together, this corresponds to a translation of the image µ(M) ⊂ t∗. We begin by showing that if we
assume that the Ricci curvature of g is bounded, we can fit this situation into the general framework of
the previous sections.
Lemma 4.1. Let (M,J, ω) be as above, and suppose that g has bounded Ricci curvature and that JX ∈ t.
Then there exists a complexification of the T n-action, i.e. an action of (C∗)n whose underlying real torus
corresponds to the original T n-action. Furthermore, there exists an automorphism α of (M,J) such that
α∗g is T n-invariant.
To prove this, we make use of the general structure theory for holomorphic vector fields on manifolds
admitting Ka¨hler-Ricci solitons from [12]. Let autX be the space of holomorphic vector fields commuting
with the soliton vector field X and gX be those real holomorphic killing fields commuting with X .
Theorem 4.2 ([12, Theorem 5.1]). Let (M,J, g,X) be a complete shrinking gradient Ka¨hler-Ricci soliton
with bounded Ricci curvature such that JX ∈ t. Then
autX = gX ⊕ JgX (4.1)
Furthermore, autX and gX are the Lie algebras of finite-dimensional Lie groups AutX and GX corre-
sponding to holomorphic automorphisms and holomorphic isometries commuting with the flow of X.
Proof of Lemma 4.1. Let (X1, . . . , Xn) be a basis for t. Since JX ∈ t, it is clear that [X,Xi] = [X, JXi] =
0 for any i. In particular, t ⊂ autX . Since the scalar curvature of g is bounded by assumption, we have
by [12, Lemma 2.26] that the zero set of X is compact. Therefore by [12, Lemma 2.34], it follows that
for each i, Xi and JXi are complete. In particular, the flow of (Xi, JXi) determines a unique effective
and holomorphic action of C∗. Thus we can complexify the T n action, and moreover the corresponding
(C∗)n-action satisfies tC = t ⊕ Jt ⊂ aut
X . Since then X and JX lie in autX , we have that the (C∗)n-
action on M embeds (C∗)n ⊂ AutX , and so the real torus T n ⊂ (C∗)n lies in some maximal compact
subgroup G of AutX . Since any two maximal compact subgroups of a reductive group are conjugate by
Iwasawa’s theorem [28], it follows such that there exists an automorphism α such that the group G, and
therefore T n, preserves the metric α∗g.
Thus, for the remainder of this section, we assume that (M,J) admits an effective holomorphic
(C∗)n-action with finite fixed point set, and ω is the Ka¨hler form of a complete T n-invariant shrinking
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gradient Ka¨hler-Ricci soliton (g,X). In particular, if there is an element b ∈ t such that 〈µ, b〉 is proper
and bounded from below, then M is AK-toric by Lemma 2.20. We have by Proposition 2.10 that there
exists a potential φ for ω on the dense orbit which can be viewed as a smooth strictly convex function
on Rn. We note also that ω is the curvature form of the T n-invariant hermitian metric hX = e
−f (ωn)−1
on −KM . From (2.4) we know that the soliton potential f is given by
f = 〈∇φ, bX〉 = 〈µ, bX〉.
We have the following from [10].
Proposition 4.3 ([10, Theorem 1.1]). Let (M, g, f) be any non-compact complete shrinking gradient
Ricci soliton. The soliton potential f grows quadratically with respect to the distance function dg defined
by g, so there is a constant cf such that
1
4
(dp − cf )
2 ≤ f ≤
1
4
(dp + cf )
2.
Therefore bX ∈ t is an element for which the map 〈µ, bX〉 :M → R is proper and bounded from below.
Thus µ has image equal to a Delzant polyhedron P by Lemma 2.20, and therefore M is AK-toric. Let
{Di}i=1,...,m be the collection of prime, (C∗)n-invariant divisors in M . Since the anticanonical divisor
−KM of a toric variety is always given by the simple formula [14, Theorem 8.2.3]
−KM ∼
m∑
i=1
Di,
we can apply Corollary 2.25 to obtain:
Lemma 4.4. Let (M,J) be a complex manifold with an effective holomorphic (C∗)n-action with finite
fixed point set. Suppose that ω is the Ka¨hler form of a complete T n-invariant shrinking gradient Ka¨hler-
Ricci soliton (g,X) on M . Then the moment map µ has image equal to a Delzant polyhedron P . In
particular, (M,J, ω) is AK-toric and quasiprojective. Let {Di} be the prime, (C∗)n-invariant divisors
in M , and let νi ∈ Zn ⊂ t be minimal generators of the corresponding rays given by the Orbit-Cone
correspondence. Then the image P of µ is equal up to translation to the polyhedron
P−KM = {x ∈ t
∗ | 〈νi, x〉 ≥ −1} (4.2)
determined by the anticanonical bundle.
In particular, the line bundle LP of Proposition 2.14 is equal to −KM . Clearly, zero lies in the interior
the polyhedron P−KM above whenever it is full-dimensional. For simplicity of notation, we will denote
P = P−KM .
We emphasize that as yet the image of the moment map is fixed only up to translation in t∗. Recall
(Lemma 2.18) that the addition of a linear function to the Ka¨hler potential φ = φ(ξ) on the dense
orbit corresponds to a translation of the image of the moment map. We claim that the normalization
determined in Proposition 2.12 fixes the moment image uniquely. Thus, it is the real Monge-Ampe`re
equation (2.5) that fixes which translate of P ⊂ t∗ appears. The argument is local, and is based on
the observation of Donaldson [18] that the choice of normalization for φ determines the behavior of
Ka¨hler-Ricci soliton equation (1.4) in symplectic coordinates as x→ ∂P .
Lemma 4.5. Let (M,J, ω) be AK-toric, and suppose that ω is the Ka¨hler form of a complete shrinking
gradient Ka¨hler-Ricci soliton on M . Then, by Proposition 2.12, there exists a unique smooth convex
function φ on Rn such that φ determines a Ka¨hler potential for ω on the dense orbit via the identification
(C∗)n ∼= Rn × T n and satisfies the real Monge-Ampe`re equation
detφij = e
−φ+〈bX ,∇φ〉.
Then the image of the moment map µ = ∇φ is precisely the translate of P given in (4.2). In particular,
zero lies in the interior of P .
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Proof. We know from Lemma 4.4 that the image ∇φ(Rn) is a Delzant polyhedron P ′. Suppose that P ′
is defined by the linear inequalities ℓi(x) ≥ −ai, where ℓi(x) = 〈νi, x〉. As we saw in Proposition 2.26,
any such ω determines and is determined by a symplectic potential u ∈ C∞(P ), which is unique up to
the addition of an affine function. Passing to the Legendre transform, recall that u satisfies the real
Monge-Ampe`re equation ρu = 〈bX , x〉, where
ρu(x) = uix
i − u− log det(uij).
In particular, ρu extends smoothly past ∂P . By Proposition 2.26, there exists a function v on P ,
extending smoothly across ∂P , such that u = uP + v, where uP is defined as in (2.10) by
uP (x) =
∑
(ℓi(x) + ai) log(ℓi(x) + ai).
Fix any facet F of P ′. We may assume that F is given by ℓ1(x) = −a1. Up to a change of basis in t∗,
we may also assume by the Delzant condition that ℓ1(x) = x1. Choose a point p in the interior of F .
Near p, uP can therefore be written
uP (x) = (x1 + a1) log(x1 + a1) + v1,
where v1 extends smoothly across F . It then follows that in a small half ball B in the interior of P
′
containing p, ρu can be expressed as
ρu(x) = x1 log(x1 + a1)− (x1 + a1) log(x1 + a1) + log(x1 + a1) + v2,
where v2 again extends smoothly across F in B. It follows that a1 = 1.
In the compact case, the condition that M ∼=MP for P given by (4.2) is equivalent to the condition
that M is Fano. We therefore make the following definition.
Definition 4.6 (c.f. [12, Definition 7.1]). Let M be a complex toric manifold. We say that the pair
(M,−KM ) is anticanonically polarized if M ∼=MP−KM .
In particular, an anticanonically polarized toric manifold is quasiprojective.
Theorem 4.7. There exists a unique holomorphic vector field X with JX ∈ t on an anticanonically po-
larized AK-toric manifold (M,−KM) which could be the vector field of a complete T n-invariant shrinking
gradient Ka¨hler-Ricci soliton.
Proof. Let ω1 and ω2 be two T
n-invariant Ka¨hler metrics on M satisfying (1.4) on M with vector fields
X1 and X2. By Lemma 4.5, we know that each moment map µs, s = 1, 2, has image equal to P = P−KM .
Moreover, by Lemma 4.5, we know that ωs is uniquely determined by a symplectic potential us on the
fixed polyhedron P = P−KM which satisfies the real Monge-Ampe`re equation ρus = 〈bs, x〉. By Lemma
3.6, the function 〈bs, x〉 satisfies ∫
P
ℓ(x)e−〈bs,x〉dx = 0
for each linear function ℓ(x) on P . In particular, 〈bs, x〉 is equal to the fixed linear function ℓP determined
in Proposition 3.1. Clearly, there is a unique bP ∈ t such that ℓP (x) = 〈bP , x〉. LetXP be the holomorphic
vector field on M which is given by
X1,0P =
n∑
j=1
bjP zj
∂
∂zj
on the dense orbit. We have in particular that LXP ωs = LXsωs. Since ωs is T
n-invariant and
JXP , JX1, JX2 ∈ t, this immediately implies that X1 = X2 = XP .
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4.2 Proofs of Theorem A and Theorem B
We begin with the proof of Theorem A. Suppose that ω1 and ω2 are two complete T
n-invariant Ka¨hler
metrics on M satisfying (1.4). By Theorem 4.7, the soliton vector fields are given by X1 = X2 = XP .
Recall from the proof of Theorem 4.7 we know that each ωs is determined uniquely by a symplectic
potential us on the fixed polyhedron P . Each us itself is unique up to the addition of an affine function,
and satisfies the real Monge-Ampe`re equation
ρus = 〈bP , x〉, (4.3)
where bP ∈ t is the element determining XP as in the proof of Theorem 4.7. If we set
A(x) = 〈bP , x〉,
then equation (4.3) takes the form ρ = A with respect to the fixed function A on P . Thus, we are in the
setting of Section 3.3. We would then like to apply the uniqueness theorem Theorem 3.11 to conclude
that us are related via the addition of an affine function. We need to show therefore that A is admissible
and that
∫
P
ue−Adx < ∞, so that us lies in the space of symplectic potentials P defined by A. To see
that A is admissible, first note that by Lemma 3.6, we have∫
P
ℓe−Adx = 0,
which is condition (2.) from Section 3.3. Since, by Proposition 4.3,∫
M
e−fωn <∞,
we have that ∫
M
e−fωn =
∫
Rn×Tn
e−〈bP ,∇φ〉 det(φij)dξdθ = (2π)
n
∫
P
e−Adx.
This implies that ∫
P
e−Adx <∞, (4.4)
which is condition (1.). Furthermore, from (4.4) it follows from Corollary 3.2 that bP ∈ C∗, and in
particular A(x) = O(|x|). Since uP = O(|x| log |x|) we then have∫
P
uP e
−A <∞,
which is condition (3.). Thus A is admissible, and it remains only to show that each
∫
P
use
−A < ∞.
This follows from an elementary calculation.
Lemma 4.8 (c.f. [18, Lemma 1]). Let P be a polyhedron containing zero in the interior and u ∈ C∞(P )
be any strictly convex function such that the gradient ∇u maps P diffeomorphically onto Rn. Then∫
P
ueρudx <∞.
Proof. Let φ(ξ) = L(u). Recall that by Lemma 2.17, φ grows at least linearly in |ξ|, and in particular is
necessarily bounded from below. Then∫
P
ueρdx =
∫
Rn
(〈∇φ, ξ〉 − φ) e−φdξ ≤
∫
Rn
(〈∇φ, ξ〉 + C) e−φdξ.
The second term
∫
Ce−φdξ is bounded again by Lemma 2.17, so that∫
P
ueρdx ≤
∫
Rn
〈∇φ, ξ〉e−φdξ + C.
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In polar coordinates we have∫
Rn
〈∇φ, ξ〉e−φdξ =
∫
Sn−1
∫ ∞
0
rn
∂φ
∂r
e−φdrdΘ.
Integrating by parts, we obtain∫
Sn−1
∫ ∞
0
rn
∂φ
∂r
e−φdrdΘ = n
∫
Sn−1
∫ ∞
0
rn−1e−φdrdΘ = n
∫
Rn
e−φdξ.
Note that the boundary term converges since φ = O(r) as r →∞. Thus∫
P
ueρdx ≤
∫
Rn
〈∇φ, ξ〉e−φdξ + C = n
∫
Rn
e−φdξ + C <∞.
Since each us satisfies ρus = A, Lemma 4.8 states that∫
P
ue−Adx <∞. (4.5)
Each us is strictly convex on P , and by Proposition 2.26 there exists for each us a smooth function
vs ∈ C∞(P ) such that us = uP + vs. Strict convexity of us along with (4.5) then imply that us ∈ P , and
so by Theorem 3.11 it follows that there is an affine function a(x) = 〈ba, x〉 + c such that u2 = u1 + a.
Let φs = L(us) be the Legendre transform, so that ωs = i∂∂¯φs(ξ) on the dense orbit. As we have
seen in Lemma 2.18, it follows that φ2(ξ) = φ1(ξ − ba) − c, so that i∂∂¯φ2(ξ) = i∂∂¯φ1(ξ − ba). Let
α : M → M denote the automorphism determined by the action of e−ba ∈ (C∗)n. Then it is clear that
φ1(ξ − ba) = φ1 ◦ α(ξ), and therefore that ω2 = α∗ω1. This concludes the proof of Theorem A.
Theorem B follows immediately from Lemma 4.1, Lemma 4.4, and Theorem A.
4.3 Example: CP1 × C
Choose homogeneous coordinates [w1 : w2] on CP
1, and let w = w1
w2
. We let C∗ act on CP1 by λ · [w1 :
w2] = [λw1 : w2], which gives CP
1 the structure of a toric variety. Let ωFS be the Fubini-Study metric
associated to [w1 : w2]. Let z be a holomorphic coordinate on C and ωE denote the Euclidean metric.
If C∗ acts on C in the standard way, then we obtain an effective algebraic action of (C∗)2 on CP1 × C.
The product metric ωstd = ωFS + ωE on CP
1 × C is then a complete T 2-invariant shrinking gradient
Ka¨hler-Ricci soliton with respect to the holomorphic vector field z ∂
∂z
(here we suppress the obvious
pullbacks). As an application of the results of the previous sections, we show that, up to isometry, this
is the unique shrinking gradient Ka¨hler-Ricci soliton on CP1 × C with bounded scalar curvature.
Corollary C. Any complete shrinking gradient Ka¨hler-Ricci soliton (g,X) on M = CP1 × C with
bounded scalar curvature is isometric to to the standard product metric ωstd.
By the work of [33], in real dimension four we know that the scalar curvature controls the full
curvature tensor for shrinking solitons. In particular, it follows from [33, Theorem 1.3] that any such
(g,X) as above has bounded Ricci curvature. Fix a background product coordinate system ([w1 : w2], z)
on M ∼= CP1 × C as above. In what follows, we will ignore the standard (C∗)2-action determined by
this choice, but we will routinely make use of the corresponding projection onto the C-factor, which we
denote by π : M → C. Corollary C then follows from Theorem B as soon as we have the following
lemma.
Proposition 4.9. Let (g,X) be any complete shrinking gradient Ka¨hler-Ricci soliton on M = CP1 × C
with bounded scalar curvature, and let T ⊂ (C∗)2 be the real torus corresponding to the standard (C∗)2-
action on M with Lie algebra t. Then there exists a holomorphic automorphism α of M such that
J(α∗X) ∈ t.
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The proof of this proposition will take up the remainder of this section. Let f denote the soliton
potential so that the soliton vector field X = ∇gf . As before (c.f. Lemma 4.1), we define G
X to be
the of the group holomorphic isometries of (M,J, g) that commute with the flow of X , and we let GX0
be the connected component of the identity in GX . Then GX0 is a compact Lie group by [12, Lemma
5.12]. Clearly the flow of JX defines a one-parameter subgroup in GX0 , and so the closure in G
X
0 is a real
torus TX of holomorphic isometries of g. Let M0 denote the zero set of X . Since the scalar curvature is
bounded, it follows from [12, Lemma 2.26] that M0 is a compact analytic subvariety of M , and hence is
equal to a finite collection of points in M and curves Lz = CP
1 × {z} ⊂ M . Note that the fixed point
set of TX is equal to M0. By Lemma 4.1, there exists a complexification T
X
C
⊂ AutX of TX , which is
a complex torus with dimC T
X
C
= dimR T
X . In what follows we will need to treat the the two possible
cases, dimR T
X = 1 and dimR T
X = 2, separately. For the moment, we make no distinction.
We first study M0, making use of the fact that f is a Morse-Bott function on M [23]. Since M is
Ka¨hler we have moreover that the Morse indices of any critical point must be even. Since M0 consists
of the critical points of f , we can write
M0 =M
(0) ∪M (2) ∪M (4),
where M (i) denotes the connected component with Morse index i. By [12, Claim 2.30], we know that
M (0) is a nonempty, compact, and connected analytic subvariety of M , and therefore must either be
equal to a single projective line Lz or an isolated point. We begin with a construction which will be used
throughout the rest of the section.
Claim 4.10. Suppose that x is a point in M (2) ∪ M (4). Then there exists a holomorphic map Rx :
CP
1 → M with Rx(0) = x and Rx(∞) ∈ M0 defined by the negative gradient flow of f . Since M is a
trivial CP1-fibration, the image of Rx must lie in the unique fiber Lz of π containing x.
Proof. By [8, Proposition 6] there exists a local holomorphic coordinate system (z1, z2) centered at x
such that the holomorphic vector field X1,0 = 12 (X − iJX) is given by
X1,0 = a1z1
∂
∂z1
+ a2z2
∂
∂z2
(4.6)
for a1, a2 ∈ R. By assumption, Hessg(f) has at least one negative eigenvalue at x, and therefore we can
assume without loss of generality that a2 < 0. Then JX is tangential to the z2-axis, and the flow of
JX here is given by regular periodic orbits. We fix any such nontrivial orbit θ : S1 → M . If we let
ψt :M →M denote the flow of −X = −∇gf , then we define a holomorphic map r : C∗ ∼= S1 × R→M
by r(s, t) = ψt(θ(s)). It follows immediately from the local form (4.6) that r extends to a holomorphic
map r : C→M with rx(0) = x. Now f is bounded from below and decreases along its negative gradient
flow, and therefore f is bounded along the image of rx. Since f is proper, this implies that the image of
rx lies in the compact set f
−1((−∞, a]), where a = sup f ◦ rx. If π : M → C denotes the projection onto
the second factor of M = CP1 ×C, then π ◦ rx : C→ C is therefore bounded and hence constant. Thus,
π ◦ rx(C) = z for some fixed z ∈ C, so that the image of rx lies in Lz = π
−1(z). For each fixed s ∈ S1,
we have by [12, Proposition 2.28] a well-defined limit limt→∞ ψt(θ(s)), also lying in M0. In this case, the
limits must all coincide with the unique point p = Lz\rx(C). Thus, there is a well-defined holomorphic
extension of Rx : CP
1 →M of rx with Rx(∞) = p.
4.3.1 M (0) is an isolated point
Claim 4.11. Let y be any point in M (2) ∪ M (4). Let Ry : CP
1 → M be a holomorphic map with
Ry(0) = y and Ry(∞) ∈M0, which must exist by Claim 4.10. Then Ry(∞) ∈M
(0).
Proof. Set p = Ry(∞), and assume without loss of generality that z = 0, so that the image of Ry is the
fiber L0 = π
−1(0) of π. If p ∈ M (4), then we choose coordinates centered at p in which X1,0 takes the
form (4.6). This immediately yields a contradiction, since p is defined as the forward limit point of a
flow line of −X . If both ai are negative, then no forward flow of −X near p converges to p. Thus, either
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p ∈ M (0) or p ∈ M (2). Since L0 is the image of the map Ry defined by the flow of (X, JX), it follows
that X is tangential to L0. In particular, the restriction X |L0 is a well-defined holomorphic vector field
on L0 and does not vanish identically since the map Ry is non-constant. It follows that M0∩L0 consists
only of the isolated points x and p, and that p is the point in L0 at which f attains its minimum value
among all points in L0. Suppose that p ∈M (2). Then by Claim 4.10, there is a holomorphic embedding
Rp : CP
1 → M with rp(0) = p, defined by the negative gradient flow of f . Thus, once again, the image
of Rp must be equal to L0. This is a contradiction, since f decreases along its negative gradient flow
and f(p) = minL0 f .
Claim 4.12. If we assume that M (0) = {p}, then M0 lies in a fixed fiber L0 of π, and consists precisely
of the two isolated points M0 = {x} ∪ {p} with x ∈M (2).
Proof. In this case we have from [8] that M (2) ∪M (4) must indeed be nonempty or else M ∼= C2, which
is clearly a contradiction. Let x ∈ M (2) ∪ M (4) be one such point. By Claim 4.11, there is a map
Rx : CP
1 →M with Rx(0) = x and Rq(∞) = p ∈M
(0). In particular, π(x) = π(p). Suppose that there
is another point q ∈ M0 not equal to p or x. Then again by Claim 4.11 there is a map Rq : CP
1 → M
with Rq(0) = q and Rq(∞) = p ∈ M (0). Thus Rq(CP
1) = L0, which means in particular that q ∈ L0.
This is a contradiction, since q 6= p and q 6= x, and a holomorphic vector field on CP1 which vanishes
at three distinct points must vanish identically. Finally, we claim that the point x ∈ M (2). If not, then
x ∈ M (4), and both coefficients ai in the representation (4.6) for X centered at x are negative. Thus,
there is a distinct holomorphic curve R′x : CP
1 →M with R′x(0) = x, intersecting Rx(CP
1) transversely
at x. This is impossible, so we obtain our contradiction.
In particular, we have shown that if M (0) = {p}, then the fixed point set of TX is finite. If TX is
two-dimensional, then TX together with the Ka¨hler form ω of g give M the structure of a symplectic
toric manifold. We are therefore in the setting of the previous sections, and we can deduce Proposition
4.9 from the results there.
Claim 4.13. Suppose that TX is contained in a two-dimensional real torus T acting onM by holomorphic
isometries of ω. Then there exists an equivariant biholomorphism α : M → CP1 × C, where CP1 × C is
endowed with the standard (C∗)2-action.
Proof. As we have seen in Section 4, the fact that ω is the Ka¨hler form of a complete shrinking gradient
Ka¨hler-Ricci soliton onM implies automatically that the T-action is Hamiltonian. Since dimC TC = 2 =
dimCM and the fixed point set is finite, we can apply Lemma 4.4 to deduce that the image of the moment
map µ is a Delzant polyhedron P in Lie(T)∗. Then Lemma 2.22 implies that there exists an equivariant
biholomorphism α : (M,J) → (MP , JP ), where (MP , JP , ωP ) is the AK-toric manifold of Proposition
2.14. By Proposition 2.15, MP is equivariantly biholomorphic to the unique algebraic toric variety MP
associated to P . It follows that the underlying complex structure of MP is biholomorphic to CP
1 × C.
Since the topology of an algebraic toric variety is uniquely characterized by its fan (c.f. [14, Chapter
12]), the only algebraic toric variety with this property is CP1×C with the standard (C∗)2-action up to
equivariant isomorphism. Thus, α is the required biholomorphsim α :M → CP1 × C.
In particular, if TX itself is two-dimensional and M (0) = {p}, then TX itself satisfies the hypotheses
of Claim 4.13, and we can simply take T = TX . In fact, even when dimR T
X = 1, we can always find a
two dimensional torus T satisfying the hypotheses of Claim 4.13.
Claim 4.14. If M (0) = {p}, then there exists a two-dimensional torus T of biholomorphisms acting on
M such that TX ⊂ T.
Proof. If TX is two-dimensional, then there is nothing to prove. Therefore, we can assume that TX
C
defines
an action of C∗ on M . Recall that π denotes the projection π : M → C under a fixed identification
M ∼= CP1 × C. Let ̟ : M → CP1 denote the other projection. Then the (1, 0) tangent bundle T
1,0
M of
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M splits holomorphically as T 1,0M
∼= ̟∗T
1,0
CP1
⊕ π∗T 1,0
C
. In particular, there exist holomorphic projection
maps onto the subbundles ̟∗T 1,0
CP1
and π∗T 1,0
C
of T 1,0M . We can therefore write X
1,0 = V 1,0+W 1,0, where
V 1,0,W 1,0 are holomorphic vector fields lying in ̟∗T 1,0
CP1
and π∗T 1,0
C
respectively.
Notice that the coordinate z on C defines a global holomorphic coordinate on M . Since T 1,0
C
is
trivial, we can write the vector field W 1,0 = f ∂
∂z
, where f is a holomorphic function on M. Now since
X1,0 generates C∗-action on M , W 1,0 also generates a C∗-action on C. In particular, f = f(z) depends
only on z. Now X1,0 is tangential to L0, this action fixes 0 ∈ C. Since the automorphism group of C
consists of linear transformations, it follows that f(z) is of the form f(z) = kz.
For each z ∈ C, the restriction of V 1,0 to Lz is a holomrophic vector field on Lz ∼= CP
1 which we
denote by V 1,0z . A nonzero holomorphic vector field on CP
1 vanishes at two points with multiplicity, so
that V 1,0z either vanishes identically or has zero set equal to a degree 2 divisor in CP
1. Recall that X1,0 is
tangential to L0, and so V
1,0
0 vanishes only at M0, which consists of the two isolated points {x} and {p}.
Thus, by the continuity of the map C → H0(CP1,O(2)) given by z 7→ V 1,0z , the same is true for V
1,0
z
with |z| sufficiently small. In particular, there exists a small neighborhood ∆ ⊂ C of 0 such that the zero
set of V 1,0z for z ∈ ∆ consists of disjoint embedded discs ∆p,∆x ⊂M , centered at p and x respectively,
each meeting a given fiber Lz at a unique point. Let {pz} = ∆p ∩ Lz and {xz} = ∆x ∩ Lz. Let y0 ∈ L0
be a point which does not lie in M0, and let Φt denote the flow of W
1,0. Since W 1,0 = kz ∂
∂z
, clearly
there exists a point y ∈M −L0 such that the orbit W -orbit Φt(y) of y under the flow of W 1,0 converges
to y0 as t → 0. Let Cy ⊂ M be the closure of the orbit Φt(y) and let ∆y denote the intersection of Cy
with CP1 ×∆. Again since W takes this special form, and perhaps after shrinking ∆, we can choose y0
such that ∆y does not intersect ∆p ∪∆x. We denote the unique point of ∆y ∩ Lz by yz. Then there is
a unique automorphism Az ∈ PGL(2,C) of CP
1 such that Az(xz) = ∞, Az(yz) = 1, and Az(pz) = 0.
Then we define an automorphism α1 : CP
1 × ∆ → CP1 × ∆ by setting α1(ℓ, z) =
(
A−1z (ℓ), z
)
. After
changing coordinates on CP1×∆ by α1, we can assume that we have a homogeneous coordinate system
[w1 : w2] on CP
1 in which the vector field V 1,0z vanishes at the points {0} and {∞}. Up to scale, there
is a unique holomorphic vector field on CP1 vanishing at two given points. If we set w = w1
w2
, it follows
then that V 1,0 = h(z)w ∂
∂w
, where h(z) is a holomorphic function only on ∆ (notice that, although it is
defined with respect to a coordinate system, w ∂
∂w
is in fact a global holomorphic vector field on CP1).
Now, X1,0 generates a C∗-action on M , and moreover each orbit of this action intersects the neigh-
borhood CP1×∆ of L0. Therefore, we can use the flow of X1,0 itself to extend this local description. In
particular, there is a global holomorphic extension α : M →M of α1 inducing a change of coordinates on
M in which X1,0 takes the form X1,0 = h(z)w ∂
∂w
+kz ∂
∂z
, where w = w1
w2
with respect to the homogeneous
coordinates [w1 : w2] on CP
1 and now h(z) is an entire holomorphic function on C. Set Y 1,0 = w ∂
∂w
.
Then clearly Y = Re(Y 1,0) is complete and [X,Y ] = 0. Furthermore, the flow of (Y, JY ) generates a
C
∗-action on M , which in these coordinates is just the standard action on CP1 on each fiber of π. Then
(C∗)2 acts on M via X, JX, Y, JY , and therefore we can take T to be the underlying real torus of this
action.
4.3.2 M (0) is a fiber of π
Claim 4.15. Suppose that M (0) is a fiber of π, and so without loss of generality we may assume that
M (0) = L0. Then both M
(2) and M (4) must be empty.
Proof. Indeed, suppose that there exists a point q ∈M (2). Let z = π(q) so that q ∈ Lz. By assumption,
z 6= 0. By Claim 4.10, there is a holomorphic embedding Rq : CP
1 → M defined by flowing along
(−X,−JX) with the property that Rq(0) = q and Rq(CP
1) = Lz. Set q
′ = Rq(∞), then it follows
that the tangential component V 1,0z of X
1,0 to Lz vanishes precisely at the two points q, q
′ and that q′
is the point at which f achieves minLz f . In particular, q
′ cannot lie in M (0) = L0, which means that
q′ ∈ M (2). But then we run the same argument at q′ to obtain a contradiction. Therefore M (2) must
be empty. The case q ∈ M (4) is similar. Alternatively, one can see that M (4) is empty directly by an
argument similar to the one in the proof of Claim 4.12.
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Claim 4.16. If M (0) = L0, then T
X is necessarily one-dimensional.
Proof. Let y ∈ M (0). Choose coordinates (z1, z2) in a neighborhood Uy centered at y such that X1,0
takes the form (4.6). Since y ∈ M (0), we have that a1, a2 are both nonnegative. If a1 and a2 are both
strictly positive, then it follows that every point y′ ∈ Uy lies on an orbit which converges as t→ 0 to y.
Since M (0) = L0, we can choose a point y
′ ∈ M (0) ∩ Uy. Then Φt(y′) → y as t → 0, which contradicts
the fact that X vanishes identically on M0. Therefore, we may assume without loss of generality that
a1 = 0 and a2 > 0. In particular, L0 ∩Uy is given by the z1-axis and indeed all of the orbits of (X, JX)
in these coordinates are given by the affine lines z2 = const.
If TX
C
is two-dimensional, then as we have seen at the beginning of Section 2.2 there exists an orbit
of TX
C
which is open and dense in M . The flow of JX determines by assumption a dense subgroup in
TX , and therefore there must be some point q ∈M such that the flow of (X, JX) from q is dense in M ,
and in particular is dense in Uy. But as we have seen, for sufficiently small t, the Φ-orbit of any point
in Uy lies on a unique complex submanifold of Uy, the line z2 = const. If the orbit Φt(q) is dense in
Uy, pick two points q1, q2 such that z2(q1) 6= z2(q2) and such that q2 = Φt∗(q1). By ensuring q2 is close
enough to the z1-axis, we can futher assume that |t∗| < 1. By the local form (4.6) we can see that the
orbit of any point in Uy of the punctured unit disc D
∗ ⊂ C∗ is contained in Uy. In particular it follows
that z1(q2) = z1(q1), a contradiction.
Claim 4.17. Let p, q ∈ M −M (0), and let Φ : C∗ ×M → M denote the complex flow of (X, JX). If
limt→0 Φt(p) = limt→0 Φt(q) ∈M (0), then q = Φt(p) for some t ∈ C∗, i.e. p and q lie on the same orbit.
Proof. This follows again from the local form (4.6). Since M (i) are empty for i 6= 0 by Claim 4.15, it
must be that limt→0 Φt(p) ∈ M (0) for all p ∈ M . Now suppose that p, q ∈ M with limt→0Φt(p) =
limt→0 Φt(q) = y ∈M (0). As we have seen, we can choose coordinates (z1, z2) near y in which X1,0 takes
the form (4.6) where a1 = 0 and a2 > 0. It follows then that for sufficiently small ε, that both Φt(p) and
Φt(q) lie on the line z2 = 0 if |t| < ε. Thus the orbits from p and from q intersect, and are thereby equal.
We can now treat the final case that may arise. Together with Claims 4.13 and 4.14, this completes
the proof of Proposition 4.9.
Claim 4.18. If M (0) = L0, then there exists an equivariant biholomorphism α : M → CP
1 × C, where
CP
1×C is endowed with the product C∗-action determined by the trivial action on CP1 and the standard
one on C. In particular, under the identification determined by α, we have that JX lies in the Lie algebra
t of the standard T 2-action on CP1 × C.
Proof. Pick any fiber Lz ∼= CP
1 of π in M which is not equal to L0. We define a map α :M → CP
1×C∗
by the formula
α(p) = (Φt−1(p), t),
where t ∈ C∗ is the unique point such that Φt−1(p) ∈ Lz. By the previous claim, this extends to a
biholomorphism α :M → CP1 × C such that α∗X = z
∂
∂z
.
5 Discussion
We pose some open questions related to the work here. For the most part, these problems have appeared
in [12]. We reproduce them here, partially because they take on a slightly different light in the toric
setting, and partially because they may simply be easier to prove in this context.
1. Is the assumption in Theorem B that the Ricci curvature is bounded necessary? More specifically,
suppose that (M,J) admits an effective and holomorphic action of the real torus T n. Given a
complete shrinking gradient Ka¨hler-Ricci soliton (g,X) on M , does there exists a complexification
of the T n-action? We use the bound on the Ricci curvature to apply the work of [12] to show that
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there exists a complexification if the soliton vector field satisfies JX ∈ t. Alternatively one could
attempt to do away with the dependence on the full (C∗)n-action and corresponding dense complex
coordinate chart. One can still interpret equation (1.4) as an equation for the complex structure
J and produce a symplectic potential u as in [4]. Our approach falls short at this stage, since we
lack a method to determine good properties of the relevant functionals that appear in Section 3.
2. Suppose that M is a toric manifold and (g,X) is a complete shrinking gradient Ka¨hler-Ricci
soliton on M . Does there always exist an automorphism α of M such that α∗g is invariant under
the action of the real torus T n? If we assume in addition that g has bounded Ricci curvature, this
is equivalent to the existence of an automorphism α such that Jα∗X ∈ t. If so, then Theorem A
(resp. Theorem B) implies that (g,X) is the unique complete shrinking gradient Ka¨hler-Ricci soliton
on M (resp. with bounded Ricci curvature). As it stands, we know little about the existence and
uniqueness of shrinking solitons on M without these hypotheses. We establish this in the special
case that M = CP1 ×C in Proposition 4.9, and Conlon-Deruelle-Sun show this for M equal to Cn
or the total space of the line bundle O(−k)→ CPn−1 for 0 < k < n [12, Theorem 5.20].
3. Related to the previous question, suppose that M is an arbitrary non-compact Ka¨hler manifold
and X is a fixed holomorphic vector field. Is there at most one complete shrinking gradient Ka¨hler-
Ricci soliton g on M with X as its soliton vector field? What if g has bounded Ricci curvature?
Moreover, is there at most one vector field X on M admitting a shrinking gradient Ka¨hler-Ricci
soliton? This is established by Tian-Zhu [40] for compact manifolds and by Conlon-Deruelle-Sun
[12] for non-compact manifolds among all Y such that JY lie in the Lie algebra of a fixed real
torus acting on M , with the estra assumption that the Ricci curvatureis bounded. We recover this
result in Theorem 4.7 in the toric setting.
4. In this paper we work exclusively on smooth spaces M to avoid technical complications. In the
compact setting there has also been much interest surrounding weak Ka¨hler-Einstein metrics and
Ka¨hler-Ricci solitons on singular spaces. Many of the techniques in this paper are adapted from
the paper of Berman-Berndtsson [7], in which such objects are of primary interest. Can the results
here be generalized along the lines of [7] to include similar results for weak Ka¨hler-Ricci solitons
on non-compact singular toric varieties?
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